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01.  Sketch the graph for the equation 𝑦 =  3−𝑥2𝑥2−1 . 

02. Sketch the graph for the equation  𝑦 = 𝑥2−2𝑥+3𝑥−2  . 

03. Sketch the graph for the equation 𝑦 = 𝑥 − √𝑥 . 

04. Sketch the graph for the equation 𝑦 = 𝑥2 −  (6𝑥)1/3 indicating all the 

turning points. 

05. A vertical road and a horizontal road intercept at O. A car A moving in a 

velocity of 100 kmh-1travels from south to north and a car B moving in a 

velocity 75 kmh-1travels from west to east. At a moment, A and B were 

located 5 km south and 10 km west of O respectively. Find the rate of change 

in distance between the two cars. 

 

06. An oil patch in water increases gradually. Area of the oil patch increases by 11 

m2 per minute. Find the rate in which the radius of the oil patch will increase when it’s radius is 7 m. 

 

07. Air is pumped into a spherical balloon in a rate of 1232 cm3 s-1. Find the rate 

of change in which the radius and the circumference area increases when the 

radius of the balloon is 14 cm. 

 

08. A child travels in a straight line wih a velocity of  5 ms-1. A light bulb is fixed 

15 m perpendicularly away from the above straight line in which the child 

travels. This light is focused on the child. When the child travels 20 m starting 

from the closest point in the line to the bulb, find the rate of change in which 

the bulb rotates. 

 

09. A spherical air bubble increases its volume at a rate of 5 cm3. When the 

volume of the air bubble is 36𝜋𝑐𝑚3, find the rate of change in which the 

radius and the area of the air bubble increases.  

 

10. A particle moves in a straight line. Its displacement r m at a time t seconds is 

given by 𝑟 = 4𝑡3 + 10𝑡2 − 8𝑡  
i. Find the velocity of a particle at a time t hence reduce the 

velocities of the particle at 2s and 4s. 

ii. Find the time taken by the particle to come to instantaneous rest. 

iii. Find the acceleration of the particle when the time is 1s. 

iv. Draw a graph to show the motion of a particle and find the 

displacement and the distance in which the particle travels till the 

1s. 
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11. The motion of an object traveling in a plane is given by cartesian equation 𝑦 =4𝑥2 + 2𝑥 + 1. Find the coordinate such that the rate of change in coordinate y 

is 4 times the rate of change in coordinate x.  

 

12. A boy with a height of 1m travels with a velocity of 8ms-1away from a flagpole 

of 5m in height. Find the rate of change in which the shadow of the boy 

increases. Also find the length of the shadow when the boy is 4m away from 

the flagpole. 

 

13. A vertical circular cylinder has a radius of 50cm. When the cylinder is filled 

with water, water leaks at a rate of 10𝜋 𝑐𝑚𝑠−1  from a hole which is located at 

the bottom of the cylinder. Find the rate of change in the decrease of the 

water level. 

 

14. A vertex is located at the lowest point in a tank which is shaped as a cone. The 

semi vertical angle of the cone is 
𝜋4. Water leaks at a rate of 1 cms-1 from a hole 

which is located at the vertex of the cone. When the height of the water level 

is 8cm, find the rate of change in the decrease of the water level. Also find the 

rate of change in the slanted height.  

 

15. Water is filled inside a bucket up to volume Vcm3. When the height of the 

water level is x cm, volume V is given by 𝑉 = 2𝑥2 + 5𝑥 . When water is added 

to the bucket, the water level of the bucket increases at a level of 
120 𝑐𝑚𝑠−1 . If 

the initial height of the water level is 10cm, 

i. Find the height of the water level after 1 minute. 

ii. Find the rate of which the volume of the water level will increase 

at this moment. 

 

16. A cube has a side length of 10cm. After heating, the side length of the cube is x 

cm. When heating the cube, a side increases its length at a rate of 
1200 𝑐𝑚𝑠−1 . 

Obtain relationships for the volume V and the area A of the cube by means of 

x.  

 

17. A water container is shaped as a downward cone. The radius of the cone is 

4m and the height of the cone is 8m and the axis of the cone is vertical. Water 

is filled to a height of x meters inside the cone. If the volume of water is V, 
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prove that 𝑉 = 𝜋𝑥312 . Differenciate with respect to x and find the following 

values: 

i. When x increases from 4m to 4.2m, find the increase in V. 

ii. When x increases by 1%, find the percentage in which V increases. 

 

18. A container which is shaped as a cone has a semi vertical angle of  
𝜋4 . Its 

vertex is kept at its lowest position and its axis is vertical. Water is poured 

into the container at a rate of 10 cm3 s-1. Find the rate of which the water level 

increases when the height of the water level is 5cm. When the volume of 

water is 30 𝜋𝑠, the container is full of water. Find the height of the container.  

 

19. Find the range of values for x in which 𝑦 = 𝑥3 − 12 𝑥2 is an increasing function 

and a decreasing function. Clearly show these ranges by drawing a rough 

sketch 𝑦 = 𝑥3 − 12 𝑥2. 

 

20. Find the range of values for x in which 𝑦 = 32 (𝑥2 − 9)2/3. Clearly show these 

ranges by drawing a rough sketch 𝑦 = 𝑥3 − 12 𝑥2. 

 
 

21. Find the nature of the function 𝑓(𝑥) = 𝑥 − 1𝑥 and draw a rough sketch of it. 

 

22. Find the range of values for x for which the function  𝑦 = 𝑥4+13𝑥2  is an increasing 

function and a decreasing function. Clearly show these ranges by drawing a 

rough sketch 𝑦 = 𝑥4+13𝑥2 . 
 

23. Find the range of values for x for which the function 𝑦 =  𝑥9𝑥2+1 is an 

increasing function. Use a rough graph to prove your findings. 

 

24. Find the range of values for x for which the function 𝑦 = 𝑥3 is adecreasing 

function. Use a rough graph to prove your findings. 

 

25. Find the range of values for x for which the function, 𝑓(𝑥) = 3𝑥 + sin 𝑥 is a 

decreasing function. 

 

26. Find the range of values for x for which the function, 𝑓(𝑥) = 𝑥2 − sin 𝑥 , (0 ≤𝑥 ≤ 2𝜋)is a decreasing function. 
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27. Find the range of values for x for which the function 𝑓(𝑥) = 2𝑥 −tan 𝑥, − 𝜋2 < 𝑥 < 𝜋2 is adecreasing function and draw a rough sketch of the 

curve 𝑦 = 𝑓(𝑥). 

 

28. Find the range of values for x for which the function 𝑦 = 3𝑥log𝑒 𝑥 is a decreasing 

function and draw a rough sketch of the curve. 

 

29. Find the critical points of the function 𝑓(𝑥) = 13 𝑥3 − 𝑥2 and draw a rough 

curve of the function.  

 

30. Find the nature of critical points of the curve 𝑦 = 1 + 𝑥3and find the nature of 

the critical points. Also draw a rough sketch of the curve to prove your 

findings. 

 

31. Find the nature of critical points of the function 𝑓(𝑥) = 5𝑥3 − 3𝑥5and find the 

nature of the critical points. Also draw a rough sketch of the curve. 

 

32. Find the nature of critical points of the curve 𝑦 = 54 𝑥4/5and find the nature of 

the critica points. Also draw a rough sketch of the curve. 

 

33. Find the nature of critical points of the function 𝑓(𝑥) =  𝑥2+1𝑥2−1 and find the 

nature of the critica points. Also draw a rough sketch of the curve 𝑦 = 𝑓(𝑥). 
 

34. Find the minimum and maximum values of the function 𝑓(𝑥) =  (𝑥 − 2)2 +7 for the domain of (-2, 4). 

 

35. Find the minimum and maximum values of the function 𝑓(𝑥) =  √3 sin 𝑥 + cos 𝑥 , for the domain of [0, 𝜋]. 
 

36. Find the minimum and maximum values of the function 𝑓(𝑥) =  −2𝑥 +2 sin  2𝑥 for the domain of [0, 𝜋]. 
 

37. Find the minimum and maximum values of the function 𝑓(𝑥) = sin2 𝑥 + cos 𝑥 for the domain of [0, 𝜋]. 
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38. Find the nature of critical points of the function 𝑓(𝑥) =  𝑥3(𝑥−1)2(2𝑥+1)2  and find the 

nature of the critical points. Also draw a rough sketch of the curve 𝑦 = 𝑓(𝑥). 
 

39. Find the turning points and draw the curve 𝑦 = (1 − 𝑥)2𝑒𝑥.  

 

40. Find the turning points of the function 𝑓(𝑥) = 2 cos 𝑥 − cos 2𝑥 where  0 ≤𝑥 ≤ 2𝜋 and draw the curve 𝑦 = 𝑓(𝑥). 

 

41. An open box with square base has a surface area of 192 cm2. Find the 

dimensions of this box to maximize its volume. Also find the maximum 

volume.  

 

42. A sum of two positive numbers is 36. Find the two numbers in order to 

maximize the product of the two numbers. Assume that the two numbers are 

x and y and that the product of the two numbers is p.  

 

43. The sum of two numbers is 40. Find the numbers such that the sum of 

squares in the two numbers is a minimum. Assume that two numbers are x 

and y and A is the sum of squares in the two numbers.  

 

44. Divide the positive number 9 into two positive parts such that the sum of 

thrice in one part and the cube of the other part is a minimum.  

 

45. Find the closest point to (0, 3) from the points of the curve 𝑦 = 9 − 𝑥2. Also 

find the shortest distance.  

 

46. An angle of a triangle is 𝜃.The two adjacent sides to that angle are x, y. Find 

the value of 𝜃 such that the area of the triangle is maximized. Also find the 

value of 𝜃 when the area is maximum.  

 

47. Two poles of heights 5m and 10m are 10m apart from each other. To keep the 

two poles in equilibrium two strings are connected from the top of both poles 

to a wedge fixed on the ground between the two poles. In order to minimize 

the length of strings find the position where the wedge should be fixed. 

 

48. In a poster the printed area is 384 cm2. A blank margin of 3 cm has to be kept 

above and below the printed area. Another blank margin of 2 cm should be 
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kept from left and right of the printed area. Find the dimenstions of the poster 

with the minimum area. 

 

49. ABCD is a lamina of length 60 cm and width 40 cm. This lamina is used to create a box which doesn’t have a lid. In order to make the box, equal square 
pieces are removed from the vertices A, B, C, D. The remaining four parts of 

the lamina is folded upwards along the edges to make the box. In order to 

maximize the volume of the box, find the side length of a square which was 

removed from the lamina. 

 

50. A slanted height of a vertical circular cone is 𝑙. Find the semi vertical angle of 

the cone in order to maximize the volume of the cone. 

 

51. Find the cone with the maximum volume which can be contained by a sphere 

of radius a. if the volume of the cone is V find the maximum value for V.  

 

52. Consider the area of the semi circle bounded by the circle 𝑥2 + 𝑦2 = 7 and the 

axis OX. Find the dimensions of the rectangle with the maximum area which 

can be contained in this semi circle. 

 

53. Find the maximum volume of the cylinder which can be contained by a sphere 

of radius r. Assume that the volume of the cylinder is V and its radius and 

height as r, h respectively.  

 

54. Find the maximum volume of the cylinder which can be contained inside a 

vertical circular cone of radius r and height h. 

 

55. Prove that the rectangle with the maximum area that is bound in the circle 𝑥2 + 𝑦2 = 42 is a square. Furthermore, find the area of this square. 

 

56. ABCD is a square shaped lamina of side length 12cm. Small square pieces of 

equal dimensions are removed from the vertices of the lamina. The remaining 

parts are folded along the edges of the cut lines to make a box which does not 

have a lid. Find the dimensions of the box which has the maximum volume. 

Also find the maximum volume.  
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57. According to the figure the point P is on the line 3𝑦 + 𝑥 − 4 = 0. Find the 

length nd the width in order to maximize the area of the rectangle PQOL. Also 

find the maximum area of PQOL. 

 

58. In the ABC triangle, the length of a side is 12cm as shown in the diagram, the 

rectangle PQRS is placed inside the ABC triangle. Find the length of PQ such 

that the area of PQRS is maximized. Also find the maximum area of PQRS.  

 

59. Two squares of side length x are removed from vertices A and D from a 

rectangular laminar of length 16 m and width 4 m as shown in the diagram. 

From the vertices B and C, two rectangles with length x and width x+y is also 

removed from the laminar. By folding along the edges, a box of height x and 

base ABCD is made. Find the volume of this box. Also find the value of x such 

that the volume is maximized. 

 

60. As shown in the diagram, a lamina is made by a rectangle PQRS and the 

isosceles triangle RST where QR = y cm, RS = 4x cm, TL = 
8𝑥3 cm. The 

perimeter of the lamina is 60cm. 

i. If the area of the lamina is A, find the value of A by means of y and 

x. 

ii. Find the value of x such that A is maximized. Also find the 

maximum value of A.  

iii. When A is maximum, find the perpendicular distance to PQ from 

T. 

 

61. A man moves with a velocity 
2√35 𝑚𝑠−1 along a river bank starting from point 

A and reaches point B. From point B, he swims across the river of breadth 10 

m with a velocity of 2 ms-1 and reaches point C at the other bank of the river. 

The opposite point to C at the other river bank is D where AD is 10m. Obtain 

an expression for the time taken by the man to move from point A to C. In 

order to minimize this time, find the length of AB. Also find the minimum time 

taken by the man to travel from A to C. 

 

62. The three points A, B, C lie on the circumference of a circle which has a radius 

rm. The isosceles triangle ABC is contained inside the circle such that AB = 

AC. Find the area of the triangle S m2 by means of the acute angle BAC. Also 
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show that when S is maximized, the value of BAC < is 
𝜋3 and that the 

maximum area is 
3√3𝑟24  . 

 

63. The center is C of a circular lake which has a radius √3 𝑘𝑚. A man starting 

from point P has to reach a point R on the diameter PCR. In order to reach R, 

the man swims with a velocity √3 𝑘𝑚ℎ−1 starting from point P and arrives to 

point Q on to the bank of this lake. It is given that the angle 𝑄𝑃𝑅 < = 𝜃. 

Thereafter, to reach R, the man walks along the bank of the lake with a 

velocity 2 kmh-1 . The time taken for the man to travel from P to R is T. Obtain 

an expression for T. In order for T to be maximum or minimum, find the 

location of Q. In order to maximize the time, find the length of the locus PQR.  

 

64. A,B,C are three cities which are connected by two direct routes, AB and BC 

such that AB is 15 km, BC = 50 km and 𝐴𝐵𝐶 < = 𝜋2 . There is a planned project 

to connect the city A to a point D which is located in route BC. A car can travel 

with a maximum velocity of 50 kmh-1 along DC and with a maximum velocity 

of 40 kmh-1 along the proposed route AD. If point D is located x km from A, 

find the time 𝑇(𝑥) in hours, which a car takes to travel from A to C through D. 

You may assume that the car travels in its maximum velocities. Examine the 

sign of 
𝑑𝑇𝑑𝑥 when x increases from 0 to 50km. Find the most suitable position 

for D in order for thr car to travel from A to C in the minimum amount of time. 

 

65. Consider the function 𝑓(𝑥) = (𝑥2−3𝑥+2)(𝑥2−7𝑥+12) , 
i. Show that 𝑓(𝑥) does not lie within the range of −7 − 4√3 

and  −7 + 4√3 for any real value of x. 

ii. Give 𝑓(𝑥) in the form of 𝐴 + 𝐵(𝑥−4) + 𝐶(𝑥−3). Here A, B and C are 

constants. Find the maximum and minimum of 𝑓(𝑥) by this 

means or another. 

iii. Find the equations of the vertical and horizontal asymptotes 

of 𝑓(𝑥). 

iv. Draw the sketch of the graph of 𝑓(𝑥). 

 

66. Find the range of x , between 0 and 2𝜋 , for the gradual increment of the 

functions  
sin 𝑥1+2 cos 𝑥 and 

sin 𝑥2+cos 𝑥 , when x increases. sketch the graph of the 

behaviour of each function as the value of x increases from 0 to 2𝜋. 

 



Graphing & Practical Applications 

9 

 

67.  

i. The surface of a sphere expands uniformly at a rate of 

16𝑚2s-1, Find the rate of increment of the volume of the 

sphere when the radius of it is 5m. 

ii. Following shows the rectangular cartesian coordinates of a 

point of a curve. 𝑥 = 𝑎(𝜃 + sin 𝜃), 𝑦 = 𝑎(1 − cos 𝜃) value of 𝜃, varies in between 0 and 𝜋. show the tangent drawn to the 

curve from this point creates an angle of  
𝜃2  with the x-axis. 

 

68. By showing that the function 
𝑥3(𝑥+1)2(2𝑥+1)2  has a maximum and only one 

minimum, draw the sketch of its graph. 

 

69. A particle starts moving in a straight line at a time t, from a fixed point at  𝑎𝑡21+𝑡2   distance from O. Show that the particle turns to O after travelling a 

distance of 
𝑎2 , and that the velocity of the particle increases for a certain 

time interval and decelerates thereafter. 

70. Show that the function 
𝑥23(2𝑥+1)2(2𝑥+1)   has two maxima and two minima, and 

draw the sketch of the graph. 

 

71. Draw the sketch of the graph of the curve 𝑦 = (𝑥 − 1)3(𝑥 + 1)2, after 

finding its turning points. 

72. Show that the function 𝑦 =  𝑥2(8𝑥−5)(𝑥−1)2  has one maximum and two 

minimum. Draw the sketch of the graph. 

 

73. Draw the curve given by the equation 𝑦 = (𝑥 − 1)(𝑥 − 2)(𝑥 − 3). Find 

the values of x in which the maxima and minima are given. 

 

74.  

a. If 𝑦 = (𝑥 − 3)(𝑥 − 1)1/2, then find the value of 𝑥 of the point 

at which the gradient is zero. 

b. Find the reflective points of the curve 𝑦 = (𝑥 − 3)(𝑥 − 1)1/2. 

Draw the sketch of the curve between the values of x, -1 to 4. 
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75. The air is pumped into a spherical shaped balloon at a rate of 6m3    per 

minute. Find the rate of change of radius when the radius of the balloon 

is 3m. Find the rate of change of surface area of it, at that moment. 

 

76. Find the turning points of the curve = 𝑥2+3𝑥−6𝑥2−1  . draw the sketch of the 

graph. Obtain that there are three real roots for 𝑥3 − 3𝑥2 − 10𝑥 + 18 =0, by adding 3𝑦 = 𝑥 to the graph. 
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77.  The volume and the radius of a circular cylinder is V and r respectively. State 

its surface are A in terms of V and r. Show that 2r=h when V is minimum, 

where h is the length of the cylinder. If  𝑉 = 16𝜋 𝑚3, find the minimum 

surface area. 

 

78. Draw the sketch of the graph for the function 𝑓(𝑥) = 4𝑥3 + 6𝑥2 − 9𝑥 − 1 by 

showing that it has either maxima or minima. 

 

79. Vertical angle of an isosceles triangle is 2𝜃.Triangle is located inside a circle 

with the radius a such that it touches the circumference of the circle. Show 

that the area of the triangle is maximum when 𝜃 = 𝜋6. Find the maximum area 

of the triangle. 

 

80. Draw the sketch of the graph for 𝑓(𝑥) = −𝑥 + 2𝑠𝑖𝑛𝑥 0 ≤ 𝑥 ≤ 2𝜋 after finding 

the maxima and minima. 

 

81.  

i. Find the turning points of the curve 𝑦 = 𝑥 𝑙𝑜𝑔𝑥 − 2𝑥 

ii. Discuss the behaviour of the function 𝑥2 − 3𝑥 − 4 by using its first 

derivative. Find the range of values of x in order to increase the 

value of the function with increasing of x. Draw the sketch of the 

graph of the function. 

 

82. Draw the sketch of the graph of 𝑦 = 𝑥2𝑒−2𝑥 after finding the maximum and 

minimum values of it. 

 

83. Draw the curve given by the equation 𝑦 = (𝑥 − 1)(𝑥 − 2)(𝑥 − 3). Find the 

values of x in which the maxima and minima of y are given. 

 

84. Find the maximum and minimum values of the following functions and sketch 

the graphs.  

             (𝑎) 1𝑥−1 − 4𝑥−2                      (𝑏) 𝑒𝑥(𝑥2 − 3) 

 

85. Draw the sketch of the graph of the function (𝑥3 − 3𝑥2 + 5𝑥 − 5)𝑒𝑥. By that 

means, prove that the function 𝑥3 − 3𝑥2 + 5𝑥 − 5 = 0 has only one real root. 
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86. Find the maxima and minima of the function 𝑓(𝑥) = 12 cos 2𝑥 − sin 𝑥  within 0 ≤ 𝑥 ≤ 2𝜋. Draw the sketch of the graph of 𝑦 = 𝑓(𝑥) for the above range of 

x. Find the real and distinct roots of 𝑓(𝑥) = 𝑘  within 0 ≤ 𝑥 ≤ 2𝜋 for different 

real value of k. 

87. Draw the rough diagram of the function 𝑦 = (𝑥−1)24𝑥2−1  after finding the turning 

points and the asymptotes of it. 

 

88.  

i. The rate of increment of the radius of a balloon is 5 cms-1. Find the 

rate of increment of the area of the balloon, when its radius is 

10cm. 

ii. The function 𝑦 = 𝑎𝑥+𝑏(𝑥−1)(𝑥−4) where a and b are real, has a fixed 

value of -1 at  x=2. Find the values of a and b. Find the ranges of x , 

in which the function increases and decreases. Sketch the graph of 

the above function 

 

89. For the function 𝑦 = 𝑓(𝑥) at the point 𝑥 = 𝑎, to have , 

a) a maximum 

b) a minimum 

Find the sufficient requirement states only in the terms of    
𝑑𝑦𝑑𝑥 At the point 𝑥 = 𝑎, show that 

i. The function 𝑦 = 𝑥3 has no turning point, 

ii. The function 𝑦 = 𝑥4 has a turning point. 

 

Draw a sketch of the graph of 𝑦 = 𝑥3. Obtain the sketch of the graph of 𝑦 = 𝑥4 

by using that. State the ideas of the shapes of the graphs of 𝑦 = 𝑥2𝑛+1 and 𝑦 =𝑥2𝑛 where n is a positive integer. by the same set of argument. 

 

90.  

i. Draw the sketch of the graph for the function 𝑦 = 𝑥𝑥2+1. 

ii. A cylindrical container is to be made by using a given uniform raw 

material. Show that the highest volume for that container can be 

there when its height is equals to the radius of its base. 
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91.  

i. Show that the minimum value of the function 𝑒𝑥 − 𝑥 is 1. 

ii. The function 𝑦 = 3𝐴 log𝑒 𝑥 + 2𝐵𝑥2 + 3𝑥 has turning points at 𝑥 =3, 𝑥 = 6. Find the values of A and B. 

iii. Show that the curve 𝑦 = 𝑥4 − 12𝑥3 + 48𝑥2 − 64𝑥 has minimum 

at 𝑥 = 1, and plot the sketch of it. 

92.  

i. If 𝑦 = 𝑓(𝑥) = 𝑥(𝑥−1)(𝑥−3), then find the fixed point of 𝑓(𝑥) and draw 

the sketch of the graph of 𝑓(𝑥). 

ii. If 𝑦 = 𝑝 cos log𝑒 𝑥 + 𝑞 sin log𝑒 𝑥, find 𝑑𝑦𝑑𝑒/𝑒𝑣4. Show that 𝑥2  𝑑2𝑦𝑑𝑥2 +𝑥 𝑑𝑦𝑑𝑥 +  𝑦 = 0. 

 

93.  

i. Obtain the derivative of 𝑥𝑛 with respect to x when n is a positive 

integer by using the first principle. Find  
𝑑𝑦𝑑𝑥  for 𝑦 = log𝑒 𝑥𝑛. Show 

that the same derivative can be obtained for the equivalent 

functions defined as 𝑦 = 𝑛 log𝑒 𝑥 and 𝑒𝑦 = 𝑥𝑛. 

ii. Show that the one and only minimum value of the function 𝑓(𝑥) =(𝑥 + 5)𝑛(𝑥3 − 10) is 𝑓(1) and the one and only maximum value is 𝑓(−5).Draw the sketch of the graph for 𝑓(𝑥) in the range of −3 ≤𝑥 ≤ −1.Describe the behaviour of 𝑦 = 𝑓(𝑥) by using the line 𝑦 =−162 at 𝑥 = −2. 

 

94. For the function 𝑦 = 𝑥2+2𝑥2−3𝑥+2, find the range in which, 

i. y increases with x. 

ii. y decreases with x. 

 

What are the maximum and minimum values of y? Considering the 

intersection of the above curve and the line 𝑦 = 𝑘, show that there are no real 

roots for the equation (𝑘 − 1)2𝑥2 − 3𝑘𝑥 + 2(𝑘 − 1) = 0 , if −2(3√2 + 4) <𝑘 < 2(3√2 − 4) . 
 

95. Show that the curve of 𝑓(𝑥) = 𝑥2/3(𝑥 − 1)2𝑒𝑥 has two minima  and two 

maxima for the real values of x.Discuss the real roots of the equation 𝑓(𝑥) = 𝑘 

in terms of k by drawing the sketch of the graph for the curve  given above. 
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96. Prove that, if 𝑡 is a constant, the function 𝑓(𝑥) = (𝑡 − 1𝑡 − 𝑥 ) (4 − 3𝑥2) has 

only one maximum value and only one minimum value at 𝑥 = −23𝑡  and 𝑥 = 2𝑡3   

respectively, and the difference between these values is ∅(𝑡) 49 (𝑡 + 1𝑡)3
. If t 

varies taking both positive and negative values, prove that ∅(𝑡) has only one 

maximum and minimum, and that the difference of them is 
649 . 

97.  

i. If 𝑓(𝑥) is defined for all the values of x, then explain what is meant 

by the following statements. 

a) 𝑓(𝑥) has a maximum at 𝑥 = 𝑎. 

b) 𝑓(𝑥) has a minimum at 𝑥 = 𝑏. 

 

ii. A sphere with the radius r is placed in a right circular cone such 

that the surfaces of both are in contact . Show that the height of 

the axis is 4r and the half vertical angle is sin−1 13  when the cone 

has the minimum volume.Find the minimum volume of the cone. 

 

98.  

i. Draw the sketch of the graph of 𝑦 = 𝑥 − 1 + 1𝑥+1 . Deduce that the 

equation 𝑥 − 1 + 1𝑥+1 = 𝑘 has no real roots when 4 < 𝑘 < 0 

ii. when 𝑡 ≠ 0, the parametric equation 𝑥 = 𝑡2 + 4, 𝑦 = 𝑡3 − 3𝑡 gives 

a curve. Find  
𝑑𝑦𝑑𝑥 and 

𝑑2𝑦𝑑𝑥2 for the curve at the point t. By that 

means,find the turning points of the curve and whether each is a 

maximum or  a minimum. 

 

99.  

i. Obtain the maximum and minimum values of 
𝑥(𝑥−1)(𝑥−4) by 

examining the derivatives. Draw a sketch of 
𝑥(𝑥−1)(𝑥−4) . Deduce 

that the equation 𝑘(𝑥 − 1)(𝑥 − 4) − 𝑥 = 0 has no real roots when −1 < 𝑘 < − 12. 

ii. When t is a parametry, the equation 𝑥 = 𝑡21+𝑡2 , 𝑦 = 𝑡1+𝑡2  defines a 

curve. Find 
𝑑𝑦𝑑𝑥 and 

𝑑2𝑦𝑑𝑥2  at the point t of the curve. By this, find the 

stationary points and the nature of the curve. 
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100.  

i. Describe how would you decide the maximum and minimum 

points of a differentiable function (if they are there) by using the 

first derivative only. Find the minimum and maximum points of 

the function 
𝑥31+𝑥4 by considering its first derivative only, and then 

draw its sketch. 

ii. A curve is given by the parametric equations 𝑥 = 𝑒𝜃 cos 𝜃 , 𝑦 =𝑒𝜃 sin 𝜃. Find the equation of the tangent at the point P where the 

parametry is 𝜃.Show that the angle between the tangent at the 

point P and the line OP remains constant as the point P moves on 

the curve. Here, O is the coordinate origin. 

 

101. State the sufficient requirements that should be satisfied by a function 𝑓(𝑥) 

that can be differentiable twice, in order to have a minimum at 𝑥 = 𝑥0 

Show by examples that 𝑓(𝑥0) > 0 does not imply as a definite or sufficient 

requirement for the function 𝑥 = 𝑥0 to have a minimum. 

A curve is defined by the parametric equations of 𝑥 = 𝑎(1 − 3𝑡2), 𝑦 =𝑎(1 − 3𝑡3).  Here, t is a parameter and a is a positive constant. Find 
𝑑𝑦𝑑𝑥 and 

𝑑2𝑦𝑑𝑥2 

at the point T on the curve. Find the stationary points of the curve by this 

means and plot its sketch. 

 

102. Draw the plane curve C given by the parametric equations 𝑥 = cos 2𝜃 , 𝑦 =sin 3𝜃 in which − 𝜋2 ≤ 𝜃 ≤ 𝜋2. Remove 𝜃 from the above two equations. Why is 

the curve given by the equation obtained without 𝜃 is different to the curve C? 

 

103. Draw the curve given by the following parametric equations.       𝑥 = 2𝑎 cos 𝜃 − 𝑎 cos 2𝜃  𝑦 = 2𝑎 𝑠𝑖𝑛𝜃 − 𝑎 𝑠𝑖𝑛2𝜃,   (0 ≤ 𝜃 ≤ 𝜋)  

Obtain a relationship between x and y, by removing 𝜃 from the above 

equations. How would the curve given by the equation derived without 𝜃 

differ from the first curve? 

 

104. A curve is defined by the following parametric equations. 𝑥 = 2𝑡2 − 𝑡4    𝑦 = 3𝑡2 + 2𝑡3, −∞ < 𝑡 < ∞  

Find the equations of the perpendicular and the tangent drawn to the curve at 

the point where t is parametric. Find the equations of those specially when 
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𝑡 = (−1, 0) and 1. Draw the parts of the curve in which 𝑡 > 0 and 𝑡 < 0 in 

seperate diagrams. 

 

105. The curve C is given by the parametric equations 𝑥 = 𝑡 + 1, 𝑦 = 𝑡3 − 𝑡, 

i. Find the stationary points of the curve C and state whether each 

point is a minimum, maximum or a point of inflection. 

ii. Draw a sketch of C. 

iii. By that means, draw the sketches of the curves given by the 

following parametric equations. 

a) 𝑥 = 𝑡3 − 𝑡, 𝑦 = 𝑡 + 1   
b) 𝑥 = 𝑡 + 1, 𝑦 = |𝑡3 − 𝑡| 

 

106. A curve is defined by the parametric equations 𝑥 = 𝑎𝑡3𝑡−1 , 𝑦 = 𝑎(𝑡2−3)𝑡−2 , 𝑡 > 0(𝑡 ≠ 1)  

Show that, 

i.  
𝑑𝑥𝑑𝑡  changes the sign as t increases across 

32. 

ii. 
𝑑𝑦𝑑𝑡  has the same sign for all the values of t. 

 

For, 𝑡 > 0(𝑡 ≠ 1), draw the sketch of the curves of t vs x and t vs y in the same 

diagram. By that , obtain the graph of curve. 

 

107. A curve is given by 𝑦 = (𝑥−2)2𝑥2+4 . Show that, 

i. 0 ≤ 𝑦 ≤ 2 

ii. when 𝑦 → 1, it is 𝑥 → ±∞ 

 

By this means or others write the coordinates of the turning points of the 

curve, and then draw the sketch of it.Draw the sketch of the curve C' given by 𝑦 = (𝑥−2)2𝑥2+4  on the same diagram by using the curve C and the symmetrical 

properties.Find the area of S surrounded by the curve C and the lines 𝑥 =2, 𝑦 = 1.By this means or others deduce the area of S’ , made by the line 𝑥 = 2 and the combined curve of curves C and C’ in the region of 0 ≤ 𝑥 ≤ 2. Find the volume of the solid generated by the rotation of S’ by the angle of  𝜋 rad at the 

axis of  𝑦 = 1. 

 

108.  

i. Differentiate the followings with respect to x, when −1 < 𝑥 < 1 
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a) tan−1 ( 11−𝑥) − tan−1 ( 11+𝑥) 

b) sin−1 ( 2𝑥√4+𝑥4) 

 

Explain the reason for getting the same answer for both. Obtain 

the derivative of  sec 𝑥 with respect to x by using the first 

principles. 

 

ii. If 𝑦 = (sec 𝑥 + 𝑡𝑎𝑛𝑥)12 and – 𝜋2 < 𝑥 < 𝜋2, then prove that, 

a) 2 𝑑𝑦𝑑𝑥 = 𝑦 sec 𝑥  
b) 2 𝑑2𝑦𝑑𝑥2 = (𝑠𝑒𝑐𝑥 + 2𝑡𝑎𝑛𝑥) 𝑑𝑦𝑑𝑥 

 

109. If 𝑓(𝑥) = 2𝑥2(𝑥+2)(𝑥−4), then find minimum and maximum values of f (if they 

exist). 

Draw the sketch of the function 𝑓(𝑥) after finding the equations of the 

asymptotes of it. Find the number of zeros in 𝑓(𝑥) −  𝐼𝑛(𝑥 − 3) by using the 

graph of  𝑓(𝑥). 

 

110.  

i. Consider that 𝑓 is differentiable function on R, that satistifies  (𝑓(𝑥))2 − 𝑥2𝑓(𝑥) − 2𝑥3 − 7𝑥4 + 7𝑥5 = 0 for each value of  𝑥 in 

R.show that 𝑓′(0) = 2 by using the definition of the 

derivative.Find 𝑓′(1). 

ii. Find 
𝑑𝑦𝑑𝑥  for 𝑦 = (𝑥2−1𝑥2+1)𝑥

 when    𝑥 > 1. 

iii. Find  𝑑𝑦𝑑𝑥  at the point (0,3) for 𝑥2 + 2𝑥𝑦 − 𝑦2 = tan−1 𝑥 − 9. 

 

111. Let 𝑓(𝑥) = (𝑥 − 1)2(𝑥 + 1) 

Draw the sketch of the graph for the above function by showing the 

coordinates of the turning points and the points at which the function meets 

the axes. In addition, draw the sketch for = 1𝑓(𝑥) , by showing the following. 

i. Coordinates of the points in which function meets y axis. 

ii. Coordinates of the turning points. 

iii. The asymptotes. 

 



Graphing & Practical Applications 

 

17 

 

112. A particle moves in a velocity of v ms-1 at a time of t s to the positive direction 

of Ox axis. It is given that 𝑣 = 3(4 − 3𝑒−2𝑡). 

i. Show that 
𝑑𝑣𝑑𝑡 = 2(12 − 𝑣) 

ii. Obtain that ( 𝑣12−𝑣) 𝑑𝑣𝑑𝑡 = 2𝑣 and 
𝑣12−𝑣 = 1212−𝑣 − 1, when the particle 

is at x distance from O. By this means, show that distance 

travelled by the particle is 
12 [12 log𝑒 2 − 3]𝑚, when its velocity 

increases from 6ms-1 to 9ms-1. 

 

113.  

i. The roots of  𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0  are 𝛼, and  𝛽. Show that, lim  𝑥→0 [1−cos(𝑎𝑥2+𝑏𝑥+𝑐)(𝑥−𝛼)2 ] = 𝑎22 (𝛼 − 𝛽)2 

ii. Draw the sketch of the curve (𝑥) 𝑐(𝑥−1)(𝑥−5) , after finding the 

stationary points of it. 

iii. Find the roots of the equation 𝑥2 − 𝑒−𝑥(𝑥 − 1)(𝑥 − 5) = 0 

through the graph. 

 

114. The diagram shows the curve given by the parametric equations 𝑥 = 1 − 3𝑡2, 𝑦 = 𝑡(1 − 3𝑡2), where − 1√3 ≤ 𝑡 ≤ 1√3. 

i. Show that (𝑑𝑥𝑑𝑡)2 + (𝑑𝑦𝑑𝑡)2 = (1 + 9𝑡2)2 

ii. The curve is located such that it touches all 

the four sides of the rectangle ABCD.  𝐿 ≡(1,0). Find the area of ABCD by using the 

stationary values of y.  

 

115. A curve is defined by the parametric equations 𝑥 =𝑡2, 𝑦 = 𝑡3. The point P is located on the curve such that 𝑡 = 2. 

i. Show the gradient of the curve at point P is 3. 

ii. Draw the curve. 

iii. Write the equation of the tangent to the curve at P.The tangent 

intersects the curve at Q. The parametry at Q is q. show that 𝑞3 =3𝑞2 − 4. find the coordinates of Q by this means. 

iv. Show that the perpendicular at Q does not intersect the curve 

again. 
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116. The diagram shows the curve 𝑦 = log𝑒 𝑥𝑥2 , 𝑥 > 0 

i. Find the point at which the Ox axis 

is intersected by the curve. 

ii. Show that 
𝑑𝑦𝑑𝑥 =  1−2 log𝑒 𝑥𝑥3 , and find 

the coordinates of the maximum 

point by that means. 

iii. Find the values of 
𝑑2𝑦𝑑𝑥2 and [𝑑2𝑦𝑑𝑥2]𝑥=2 

 

117.  

i. Draw the sketch of the graph of the curve 𝑦 = 𝑥3 − 6𝑥2 + 9𝑥 by 

finding the maximum points. 

ii. If the maximum point of the curve is A and the minimum point is 

B, Show the curve in the form of 𝑦 = 𝑥(𝑥 − 3)2, and prove the 

value of A. 

iii. Find the coordinates of B. Also, find the coordinates of the point at 

which the tangent drawn to the curve at point B intersects the 

curve. 

 

118. The equation of a curve is 𝑦 = (𝑥2 − 2) sin 𝑥 + 2𝑥 cos 𝑥. 

i. Find 
𝑑2𝑦𝑑𝑥2 by showing 

𝑑𝑦𝑑𝑥 =  𝑥2 cos 𝑥 

ii. Show that the curve has points of refraction at the origin and at tan 𝑥 = 2𝑥 

iii. If the smallest positive root of tan 𝑥 = 2𝑥 is 𝛼, then draw the graphs 

of 𝑦 = 𝑡𝑎𝑛𝑥 and 𝑦 = 2/𝑥 for the range of 0 < 𝑥 < 7𝜋/2. Explain 

why 𝛼 < 𝜋/2 by using your graphs.  

 

119. A glass window is made of a rectangular portion fused with a semi 

circular portion on it. The radius of the semi circle is r cm. the 

length of the rectangle is h cm.the area of the window is 500 (cm)2. 

 

i. a) Write the equation connecting h and r. 

b) If the perimeter of the window is p cm, then show 

that   𝑝 = (2 + 𝜋2) 𝑟 + 500𝑟  by removing h. 

ii. a) Find the points of refraction and deduce whether they are 

maximum or minimum points. 
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b) Prove the values obtained for maximum and minimum by 

finding  
𝑑2𝑝𝑑𝑟2. 

 

120.  

i. Find  lim  𝑥→0 𝑥(𝑒𝑥−1)1−cos 2𝑥 

ii. Show that 𝑦 (𝑑𝑦𝑑𝑥) = 2𝑥 (𝑑𝑦𝑑𝑥)2 + 1, if 𝑥 =  1+log 𝑡𝑡2 , 𝑦 = 3+2 log 𝑡𝑡 . Find 𝑑2𝑦𝑑𝑥2. 

iii. A straight railway tract passing through the city A , is connected to 

a straight road leading from the factory D.the distance from the 

factory to the railway track is 5√3 𝑘𝑚, and that the road meets 

the rail tract at the point B. 𝐴𝐵 = 20 𝑘𝑚. Transportation charge 

for the productions in the factory in the road is as twice as the 

transportation charge in the railway track. Find the location of a 

road PD in which the transportation charge is the minimum by 

selecting the point P on the railway track such that 𝑃(𝐴𝑃 < 𝑃𝐵). 

 

121. Find   
𝑑𝑦𝑑𝑥  for 𝑦 = (2𝑥 − 1)2(𝑥 + 1)  

i. Find the minimum and maximum point by finding the turning 

points. 

ii. Draw the sketch of the graph 

iii. Draw the graph for the function 𝑦 = 1(2𝑥−1)2(𝑥+1) by using the 

above sketch. 

122.  

i. Show that 
𝑑2𝑦𝑑𝑥2 + (𝑑𝑦𝑑𝑥)2 = 5, if 𝑦 = √5𝑥2 + 3 . 

ii. The paramteric equation of a curve is 𝑥 = 3(2𝜃 − sin 3𝜃), 𝑦 =3(1 − cos 2𝜃). The tangent drawn to the curve at the point P 

where 𝜃 = 𝜋4 and the perpendicular at the same point, meet y axis 

at L and M respectively. Show that the area of the triangle PLM is 94 (𝜋 − 2)2. 

 

123. A hemispherical bowl with the radius a cm is filled with water. Water moves 

out at a uniform rate from a small hole in the bottom of it. Bowl gets 

completely empty in 24s. Volume of water is 
2𝜋3  (3𝑎 − 𝑥)𝑐𝑚 3, when the 

height of water is x cm. Prove that the rate of decreasing the height of water is 
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𝑎336(2𝑎−𝑥)  𝑐𝑚 𝑠−1. Find the time and the rate of decreaing the height when the 

depth of water is 
𝑎2 𝑐𝑚. 
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124.    Find the value of lim  𝑥→0 cos 3𝑥−cos 𝑥cos 4𝑥−cos 2𝑥 . Differentiate the followings with respect to 

x, 

i.  
sin 𝑥√cos 𝑥 ii. 𝑥4 tan 4𝑥  

In an isosceles triangle, two equal sides are such that  𝐴𝐵 = 𝐴𝐶 = 𝑎 and 𝐴 =2𝜃. Show that the radius of the inscribed circle of the triangle is 𝑟 = 𝑎 sin 𝜃 cos 𝜃1+sin 𝜃 . 

If a is a constant and 𝜃 varies (0 ≤ 𝜃 ≤ 90), then find that the maximum value 

for r, records when 𝜃 = sin−1 (√5−12 ). 

 

125.  

i. Differentiate and then simplify tan−1 (𝑎−𝑏 sin 𝑥𝑏+𝑎 sin 𝑥)  with respect to x, 

if a and b are constants. 

ii. Differentiate 
2+log𝑒(1+𝑥)22−log𝑒(1−𝑥)2  

iii. A man moves a distance of x m from A to B at a velocity of 
54 𝑚𝑠−1. 

Then he swims from B to D at a velocity 

of 1 ms-1. C is the exactly opposite point 

to D. CD = 10 m, AC = 20 m. Show that 𝑡 = √100 + (20 − 𝑥)2 + 4𝑥5  ,Where t is 

the time taken to reach A from D. Find 

the value of x when t is at its minimum. 

 

126.  

i. Find 
𝑑𝑦𝑑𝑥  when, 2𝑦𝑒3𝑥 + 1𝑥2  sin 2𝑥 = 0 

ii. Find , 
𝑑𝑦𝑑𝑥 , if 𝑥 = 1+𝑡1−2𝑡 , 𝑦 = 1+2𝑡1−𝑡 . Find the value of 

𝑑𝑦𝑑𝑥 when t=0. 

iii. Differentiate with respect to x, log10(𝑘 sec 𝑥) + 103𝑥−2, where k is 

a constant. 

iv. A and B are variable points on the axes 

ox and oy. The line AB passes through 

the point (1,8). 𝐵𝐴𝑂 ≤ 𝜃 is given in the 

triangle. Show that, 𝐴𝐵 = 1cos 𝜃 + 8sin 𝜃  

 

Find the minimum value of AB. 
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127. Differentiate the followings with respect to x, 

i. sin−1 (𝑎 cos 𝑥+𝑏 sin 𝑥√𝑎2+𝑏2 ) 

ii. √𝑎−𝑥𝑎+𝑥 (𝑥2 + 𝑏) 

iii. Show that 
𝑑𝑦𝑑𝑥 =  𝑦√1+𝑥2 , if 𝑦 = 𝑥 + √1 + 𝑥2 

iv. Radius of a circular pond with the centre O is 2km. A man swims 

from A to B in this pond at a velocity of 3 kmh-1. . Then he moves 

from B to C along the edge of the pond at 

a velocity of 4kmh-1. 𝐴𝐵𝐶 < 𝜃 (𝑟𝑎𝑑). 

Show that 𝑇 = 4 cos 𝜃+3𝜃3  whete T is total 

time taken for the complete motion. Find 

the minimum value of T through the 

turning points. 

 

128. Differentiate with respect to x, 

i.  
3(𝑒2𝑥)3𝑒7𝑥−2  

ii. log𝑒 |𝑒𝑥+𝑒−𝑥𝑒𝑥−𝑒−𝑥|  
iii. cot−1 (3+4 tan 𝑥4−3 tan 𝑥) 

iv. A cylinder with the radius r cm and the 

height h cm is placed inside a sphere with 

the radius of 6 cm and the centre O , as 

shown in the figure. 

a) Show that h2 + 4r2 = 144 

b) Find the maximum volume of the 

cylinder. 

129.  

i. Show that 
𝑑𝑑𝑥 ( 𝑥1+𝑥) =  1(1+𝑥)2   

Find the equation of the tangent of the curve of 
𝑦1+𝑦 + 𝑥1+𝑥 −𝑥2𝑦3 = 0 at the point (1,1) 

ii. The volume of the rectangular cuboid 

shown in the figure is 72cm3, and surface 

area is A cm2.Show that 𝐴 = 4𝑥2 + 216𝑥 .Find 

the minimum value of A. 
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130. Three towns A, B and C are connected by two straight roads AB and BC such 

that 𝐴𝐵̂𝐶 =  𝜋2 , AB = 15 km and BC = 50 km. There is a proposed project to 

build another straight road connecting the town A to a place D on the road 

BC. Maximum speeds allowed for a car on the section DC is 50 kmh−1 and on 

the proposed road AD is 40 kmh−1. 

If D is located 𝑥 𝑘𝑚 from the town A, find T(𝑥) total time taken in hours by a 

car to travel from A to C via D, assuming that it travels at the maximum 

permitted speeds. Examine the sign of  
𝑑𝑇𝑑𝑥  as 𝑥 increases from 0 to 50 km. 

Find the most suitable place for D that will allow a car to complete the 

journey from A to C in the shortest time. 

         2000 A/L 

131. Three towns A, B and C are located at the vertices of an isosceles triangle 

such that the distance from A to B and A to C are equal. The distance from B 

to C is 12 km and the altitude through A is 16 km. How far from A, along the 

altitude through A, should a well be located so that it will use minimum pipe 

when supplying water to all three towns A, B and C. 

2001 A/L 

 

132. From a solid sphere is cut a right circular cylinder whose axis passes 

through the centre of the sphere.  Prove that the volume of the cylinder 

cannot exceed 
1√3  times that of the sphere. 

2002 A/L 

133. Given that 𝑦 =  2𝑥1+𝑥2 , find the values of  𝑥  for  which  
𝑑𝑦𝑑𝑥 = 0. Considering only 

the behaviour of the first derivative, investigate the nature of those 

stationary values of 𝑦. Sketch the curve =  2𝑥1+𝑥2 . 

2003 A/L 

134. A rectangular poster is to be made so that it displays a rectangular printed 

region of area 972𝑐𝑚2 surrounded by a left and right margin of 6cm each, 

and a top and bottom margin of 8cm each. Find the dimensions of the poster 

with the least area. 

2004 A/L 

135. A rectangular box is to be made having a capacity of 256𝑐𝑚3, with a square 

base, but without a lid. Find the dimensions of the cheapest box if the 

material for rectangular sides cost 8 times as much per square centimetres as 

the material for the base. 

2005 A/L 
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136. A closed right circular cylinder is to be made such that its volume is 

1024𝜋𝑐𝑚3. Find the radius of the cylinder that will make total surface area a 

minimum. 

2006 A/L 

137. A wire of given length 𝑙 is cut into two portions. One portion is bent into the 

shape of a circle and the other portion into the shape of a square. Show that 𝐴(𝑥), the sum of the areas of the circle and the square is given by 𝐴(𝑥) =𝑥24𝜋 + (𝑙−𝑥)216  square units, where 𝑥, (0 ≤ 𝑥 ≤ 𝑙) the length of the portion of the 

wire that is bent into the form of the circle. Hence, show that the area 𝐴(𝑥) 𝑖𝑠 minimum when the side of the square is equal to the diameter of the 

circle. 

2010 A/L 

138. Let 𝑓(𝑥) = 2𝑥3 + 𝑎𝑥2 + 𝑏𝑥  for  𝑥 ∈ ℝ , where 𝑎  and 𝑏  are real constants. 

Suppose that 𝑓′(3) = 12 and 𝑓′′(3) = 18,  where 𝑓′ and 𝑓′′ have the usual 

meaing. Find the values of 𝑎 and 𝑏. For these values of 𝑎 and 𝑏, sketch the 

graph of 𝑦 = 𝑓(𝑥) indicating the turning points. Hence, find the number of 

solutions of the equation  2𝑥2 + 𝑎𝑥 + 𝑏 = 3𝑥. 

2011 A/L 

139. A closed rectangular box with a square base is made of thin cardboard. The 

volume of the box is 8192𝑐𝑚3. Let the length a side of the square base be 4𝑥𝑐𝑚. A circular hole of radius 𝑥 𝑐𝑚 is cut out from the top square face. Show 

that the surface area 𝐴𝑐𝑚2  of the box with the hole is given by 𝐴 =(32 − 𝜋)𝑥2 + 8192𝑥 . Hence, show that 𝐴 is minimum when 𝑥 =  16√32−𝜋3 . 

2011 A/L 

140.  

a) By considering only the first derivative find the minimum and 

maximum values of 
𝑥3𝑥4+27. 

Sketch the graph of 𝑦 = 𝑥3𝑥4+27. 

Hence, find for what values of k, the equation 𝑘𝑥4𝑥3 + 27𝑘 = 0, 

where 𝑘 is real, has 

a) Two coincident real roots, 

b) Three coincident real roots, 

c) Two distinct real roots, 

d) No real roots. 
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b) Consider a rectangle 𝐴𝐵𝐶𝐷 with 𝐴𝐵 = 𝑎 and  𝐵𝐶 = 𝑏(< 𝑎). Let  𝑃  

be a movable point on CD. The length of 𝐴𝑃 + 𝑃𝐵 is 𝐿(𝑥), Where 𝐷𝑃 = 𝑥. 

Show that 𝐿(𝑥) = √𝑥2 + 𝑏2 + √(𝑎 − 𝑥)2 + 𝑏2. 
Find the minimum length of 𝐿(𝑥) and the position of 𝑃 on 𝐶𝐷 

corresponding to this minimum length. Also, find the maximum 

length of 𝐿(𝑥). 

       2012 A/L 

141. Let 𝑓(𝑥) =  𝑥2𝑥3−1 for 𝑥 ≠ 1,  
Show that 𝑓′(𝑥) =  −𝑥(𝑥3+2)(𝑥3−1)2   for  𝑥 ≠ 1, and deduce that the graph of 𝑦 = 𝑓(𝑥) 

has turning points at (0,0) and  (−21 3⁄ , − 41 3⁄3 ). 
Sketch the graph of 𝑦 = 𝑓(𝑥)  indicating the turning points and the 

asymptotes. 

 

142. A garden whose boundary consists of eight straight 

line segments meeting at right angles is shown in the 

diagram. The dimensions in metres of the garden are 

indicated there. The area of the garden is given to be 

800𝑚2. Express 𝑦 in terms of 𝑥 and show that the 

perimeter 𝑃 of the garden, measured in metres, is 

given by 𝑃 = 800𝑥 + 10𝑥  and this formula for the 

perimeter is valid only for 0 < 𝑥 < 10. Hence, find the 

minimum value of the perimeter of the garden. 

2013 A/L 

143.  

a) Let 𝑓(𝑥) = 8𝑥(𝑥+1)(𝑥2+3)  for 𝑥 ≠ −1. 
Show that 𝑓′(𝑥) = 8(1−𝑥)(2𝑥2+3𝑥+3)(𝑥+1)2(𝑥2+3)2  

For 𝑥 ≠ −1 

Sketch the graph of 𝑦 = 𝑓(𝑥) indicating the turning point and the 

asymptotes. 

Using the graph of 𝑦 = 𝑓(𝑥) find the number of solutions of the 

equation (𝑥 + 1)(𝑥2 + 3) = 16𝑥. 
 

b) A hollow composite body is to be formed by rigidly joining two 

hollow hemispheres of radius 𝑟 metres to a right circular hollow 
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cylinder with the same radius and height ℎ metres, as shown in 

the figure. The total volume of the composite body is 36𝜋𝑚3 

Show that  ℎ = 108−4𝑟33𝑟2 . 

 

The cost of material for the cylindrical surface is 300 

rupees per square metre and that for hemispherical 

surface is 1000 rupees per square metre. Show that 

the total cost of material 𝐶 rupees, required to make 

this composite body is given by 𝐶 = 800𝜋 (4𝑟2 +27𝑟 ) for 𝑂 < 𝑟 < 3 Find the value of 𝑟 such that 𝐶 is 

minimum. 

        2014 A/L 

144. Let 𝑓(𝑥) = 2𝑥2+1(𝑥−1)2 for 𝑥 ≠ 1. Find the first derivative and the turning point of 𝑓(𝑥). Sketch the graph of 𝑦 = 𝑓(𝑥), indicating the turning point and the 

asymptotes. 

2015 A/L 

 

145. In the given figure, ABCD is a trapezium with 

parallel sides BC and AD. Lengths of its sides, 

measured in centimetres are given by 

AB=CD=a, BC=b and AD=b+2𝑥, where 0 <𝑥 < 𝑎. BE and CF are the perpendiculars drawn 

from the vertices B and C, respectively, on to 

the side AD. 

Show that the area S (𝑥)  of the trapezium ABCD is given by 

S(𝑥)=(b+𝑥)√𝑎2  −  𝑥2  in square centimetres. If 𝑎 = √6  and b=4, show 

further that S(𝑥) is maximum for a certain value of 𝑥, and find this value of 𝑥 

and the maximum area of the trapezium. 

         2015 A/L 

146.  

a) Let 𝑓(𝑥) =   (𝑥−3)2𝑥2−1   for  𝑥 ≠ ±1. 

Show that  𝑓′(𝑥), the derivative of 𝑓(𝑥), is given by 𝑓′(𝑥), =2(𝑥−3)(3𝑥−1) ( 𝑥2−1)2 . 
Write down the equations of the asymptotes of 𝑦 = 𝑓(𝑥). 

Find the coordinates of the point at which the horizontal 

asymptote intersects the curve 𝑦 = 𝑓(𝑥) 
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Sketch the graph of 𝑦 = 𝑓(𝑥) indicating the asymptotes and the 

turning points. 

 

b) A thin metal container, in the shape of a right circular cylinder of 

radius 5𝑟 cm and height ℎ cm has a circular 

lid of radius 5𝑟 cm with a circular hole of 

radius 𝑟 cm. (See the figure.) The volume of 

the container is given to be 245 𝜋𝑐𝑚3. Show 

that the surface area 𝑆  𝑐𝑚2 of the container 

with the lid containing the hole is given by 𝑆 = 49𝜋 ( 𝑟2 + 2𝑟)  for  𝑟 > 0. 

Find the value of 𝑟 such the  𝑆 is minimum. 

         2016 A/L 

147.  

a) Let 𝑓(𝑥) = 𝑥2(𝑥−1)(𝑥−2) for 𝑥 ≠ 1,2. 

Show that 𝑓′(𝑥), the derivative of 𝑓(𝑥), is given by 𝑓′(𝑥) =𝑥(4−3𝑥)(𝑥−1)2(𝑥−2)2 for 𝑥 ≠ 1, 2. 

Sketch the graph of 𝑦 = 𝑓(𝑥) indicating the asymptotes and the 

turning points. 

Using the graph, solve the inequality 
𝑥2(𝑥−1)(𝑥−2)  ≤ 0. 

 

b) The shaded region shown in the adjoining figure is of area 385𝑚2. 

This region is obtained by removing four 

identical rectangles each of length 𝑦 metres 

and width 𝑥 metres from rectangle 𝐴𝐵𝐶𝐷 of 

length 5𝑥 metres and width 3𝑦 metres . Show 

that 𝑦 = 35𝑥  and that the perimeter 𝑃 of the 

shaded region, measured in metres. is given 

by 𝑃 = 14𝑥 + 350𝑥  for 𝑥 > 0. 

Find the value of 𝑥 such that 𝑃 is minimum. 

 

                                                                                                                             2017 A/L 
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148.  

a) Let 𝑓(𝑥) = 16(𝑥−1)(𝑥+1)2(3𝑥−1) for 𝑥 ≠ −1, 13. 

 

Show that 𝑓′(𝑥), the derivative of 𝑓(𝑥), is given by 𝑓′(𝑥) =−32𝑥(3𝑥−5)(𝑥+1)3(3𝑥−1)2  for 𝑥 ≠ −1, 13. 

Sketch the graph of 𝑦 = 𝑓(𝑥) indicating the asymptotes and the 

tuning points. 

 

Using the graph, find the values of  𝑘 ∈ ℝ  such that the equation 𝑘(𝑥 + 1)2(3𝑥 − 1) = 16(𝑥 − 1) has exactly one root. 

 

b) A bottle with a volume of 391𝜋𝑐𝑚3 is to be 

made by removing a disc of radius 𝑟 cm from 

the top face of a closed hollow right circular 

cylinder of radius 3𝑟𝑐𝑚 and height 5h𝑐𝑚, and 

fixing an open hollow right circular cylinder of 

radius 𝑟 𝑐𝑚 and height ℎ 𝑐𝑚, as shown in the 

figure. It is given that the total surface area 𝑆 𝑐𝑚2of the bottle is 𝑆 = 𝜋𝑟(32ℎ + 17𝑟). Find 

the value of 𝑟 such that 𝑆 is minimum. 

    2018 A/L 

149. (a) Let 𝑓(𝑥) = (2𝑥−3)24(𝑥2−1) for 𝑥 ≠ ±1. 

 Show that 𝑓′(𝑥), the derivative of 𝑓(𝑥), is given by  

   𝑓′(𝑥) =  (2𝑥−3)(3𝑥−2)2(𝑥2−1)2  for 𝑥 ≠ ±1.Sketch the graph of 𝑦 = 𝑓(𝑥) indicating 

the asymptotes, y-intercept and the turning points. Using the graph, find 

all real values of x satisfying the inequality  
1𝑓(𝑥) ≤ 1. 
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(b) Let 𝑓(𝑥) = 
9 ( 𝑥2−4𝑥 − 1)(𝑥 − 3)3   for 𝑥 ≠ 3. 

 Show that 𝑓′(𝑥), the derivative of 𝑓(𝑥), is given by 𝑓′(𝑥) =− 9 (𝑥+3)(𝑥 − 5)(𝑥 − 3)4   for 𝑥 ≠ 3.  
Sketch the graph of 𝑦 = 𝑓(𝑥) indicating the asymptotes, 𝑦 – intercept 

and the turning points. 

It is given that  𝑓′′(𝑥) = 18 ( 𝑥2−33)(𝑥 − 3)5  for 𝑥 ≠ 3. 
Find the 𝑥 – coordinates of the points of inflection of the graph of 𝑦 =𝑓(𝑥). 

 

(c) The adjoining figure shows a 

basin in the form of a frustum of a 

right circular cone with a bottom. 

The slant length of the basin is 

30cm and the radius of the upper 

circular edge is twice the radius of 

the bottom. Let the radius of the bottom be r cm. Show that the volume V 

cm3 of the basin is given by 𝑉 = 73 𝜋𝑟2√900 − 𝑟2 for O < r < 30. Find 

the value of r such that volume of the basin is maximum 

2019 A/L 
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150.  

a. Let 𝑓(𝑥) = 𝑥(2𝑥−3)(𝑥−3)2  for 𝑥 ≠ 3. 

Show that 𝑓′(𝑥), the derivative of 𝑓(𝑥), is given by 𝑓′(𝑥) = 9(1−𝑥)(𝑥−3)3 for 𝑥 ≠ 3. 

Hence, find the interval on which 𝑓(𝑥) is increasing and the intervals on 

which f(x) is decreasing. Also, find the coordinates of the turning point of 𝑓(𝑥). 

It is given that 𝑓"(𝑥) = 18𝑥(𝑥−3)4 for 𝑥 ≠ 3. 

Find the coordinates of the point of inflection of the graph of 𝑦 = 𝑓(𝑥). 

Sketch the graph of 𝑦 = 𝑓(𝑥) indicating the asymptotes, the turning point 

and the point of inflection. 

 

b. The adjoining figure shows the portion of a 

dustpan without its handle. Its dimensions in 

centimetres, are shown in the figure. It is 

given that its volume 𝑥2ℎ 𝑐𝑚3 is 4500 cm³. Its 

surface area S cm2 is given by 𝑆 = 2𝑥2 + 3𝑥ℎ. 

Show that S is minimum when x = 15. 

2020 A/L 
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