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1. Two uniform wires AB and BC of lengths 60 cm and 80 cm respectively are 

joined together at B so that ABC is a horizontal composite figure. Find the 

distance to the centre of mass of the composite figure from the point A. 

 

2. A rod of length 𝑙 whose mass per unit length is 2 and a rod of length 3𝑙 

whose mass per unit length is  are joined together to make a composite rod 

and placed horizontally. Find the distance to the centre of mass of the 

composite rod from the open end of the left hand corner. 

 

3. A uniform pole of length 𝑙1 whose cross sectional area 𝑎1 and a uniform pole 

of length 𝑙2 whose cross sectional area 𝑎2 are joined together symmetrically 

to make a composite pole and placed horizontally. Find the distance to the 

centre of mass of the composite pole from the point where they are joined. 

You may assume that the poles are made of the same material. 

 

4. The length of a uniform wire is 140 cm. It is bent in the ratio 4 : 3 so that their 

sides make a right angle. The sides are AB, BC and B̂ = 900. Find the distance 

to the centre of mass from the side AB and from the side BC. The mass per 

unit length of the wire is . When this wire is freely suspended from A, find 

the angle of which AB makes to the vertical. 

 

5. The diagram shows a square lamina of side a. Another 

square lamina made from the same material of side 
𝑎2 

is pasted at one corner. Find the distance to the centre 

of mass of the composite body from the centre of the 

square of side length 𝑎. 

 

6. The diagram shows a rectangular lamina in 

which has length 2a and breadth 2b. The part 

of the rectangle is cut off as shown in the 

diagram. Find the distance of the centre of 

mass of the remainder from the sides 2a and 

2b. If this lamina is freely suspended from A, 

find the angle of which 2b makes with the 

vertical. 

 

𝒂𝟐 𝒂𝟐 

𝒂 
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7. The triangular lamina BKH is joined to the square lamina 

ABCD and a triangular lamina EFD is folded down 

through EF until point D coincides with point T as shown 

in the diagram. Find the distances to the centre of mass 

of the composite lamina from the sides AB and AD. 

Furthermore, it is given that the length of a side of the 

square is a and the triangle BKH is an equilateral triangle 

with the side length of BK =  a2  and the triangle ETF is 

an isosceles triangle with the side length of ET =  a2 . 

 

8. Use integration to find the distance to the centre of mass of a solid 

hemisphere of radius a. (Find the distance to the centre of mass from the 

centre of the hemisphere along the symmetrical axis) 

 

A solid uniform cylinder of radius a and length l is rigidly joined to a solid 

uniform hemisphere of radius a in order to create a composite object. The 

composite object is made such that the circular faces of both the bodies 

coincide symmetrically. The cylinder and the hemisphere have the same 

density. Find the distance of the centre of mass of this composite body from 

the free plane face of the cylinder. 

 

The composite body can rest in equilibrium in any position while the curved 

surface of the hemisphere is in contact with a smooth horizontal table. Show 

that  𝑙 =  𝑎√2 . 

 

9. The area enclosed by the curve 𝑦2 = 4𝑎𝑥 and 𝑥 = 𝑎 is rotated about the x-

axis through one revolution. Show that the coordinates of the centre of mass 

of the uniform solid formed because of this rotation is at (2𝑎3  ,0). 

 

Such a solid rotation of weight 9W is joined symmetrically to a uniform solid 

hemisphere of weight 4W and a radius 2a so that the plane of the solid 

rotation coincides with the circular plane face of the solid hemisphere. Show 

that this composite body can rest in equilibrium on a horizontal plane, so 

that any point on the curved surface of the solid hemisphere is touching the 

horizontal plane. 
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10. A uniform spherical shell of radius a, with centre O, is divided into two parts 

by a plane at a distance 𝑎 cos 𝛼 (O <  α <  𝜋2) away from O. Show that the 

distance of the centre of mass of the larger part of the spherical shell is along 

the axis of symmetry at a distance 
𝑎2  (1 −  cos 𝛼) away from the centre O. 

 

The larger part of the shell is covered by a plate of radius 𝑎 sin 𝛼 which is 

made of the same material as the spherical shell. Show that the distance of 

the centre of mass of the composite body thus formed is at a distance 𝑎(1− cos 𝛼)2 3− cos 𝛼  from O along the symmetrical axis of the composite body. 

 

11. Use integration, to find  

i. The position of the centre of mass of a uniform hemispherical shell of 

radius a and area density is ρ. 

 

ii. The mass and the position of the centre of mass of a right uniform 

hollow cone of height h, and semi vertical angle α, where the area 

density of the hollow cone is 𝑘ρ. 
 

The circular surfaces of both the hollow cone and hollow hemisphere is 

joined together, so that their circular bases coincide and the two surfaces 

placed by the sides of the common base where 𝑎 = h tan α. Show that the 

composite figure can rest in equilibrium with any point of the curved surface 

of the hemispherical shell in contact with a horizontal plane provided that, cos α =  √36+ k2−𝑘6  . 

 

12. Show that the centre of mass of a uniform solid right circular cone, of vertical 

height h, is at a distance 
34 h from the vertex of the cone and lies on the axis of 

symmetry. 

 

A solid is formed by the removal of a right circular cone, of base radius r and 

height 
ℎ2, from a uniform solid cylinder of base radius r and height h. The 

circular plane bases of both the cone and the cylinder coincide with each 

other. Show that the distance to the centre of mass of the composite object 
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is at a distance 
2340 h from the circular plane face of the cone and is on the axis 

of symmetry. 

 

The circular base of the bored out cylinder is placed on a horizontal table. 

The table top, which is rough enough to prevent the cylinder from sliding, is 

slowly tilted until the cylinder is about to topple. Find the minimum angle of 

inclination which the table top makes with the horizontal in order for the 

cylinder to topple. 

 

13. A uniform hemispherical shell of radius 2r, centre C, is divided into two parts 

by a plane which is perpendicular to the axis of the hemisphere at a distance r√3 away from the centre C which lies on the base of the hemisphere. Show 

that the centre of mass of the portion M, with two parallel circular planes at 

each of its sides is at a distance  
r√32  from C along the symmetrical axis. 

 

A composite object is made by joining a uniform hollow right circular 

cylinder with base radius r and height h to M so that the base of the cylinder 

coincides with the larger circular plane of M of radius r. Assuming that the 

hemisphere and the cylinder both are made from the same material which 

has the same surface density, show that the distance to the centre of mass of 

the composite object is at a distance 
h2+ 6r2+ 4√3rh2h + r + 4√3r  from the closed base of the 

composite object along the symmetrical axis of the body.  

 

14. A uniform semi-circular lamina has a radius a and centre O. Its straight edge 

is AOB and the line of symmetry is OC. The rectangular cartesian axes Ox and 

Oy are selected through the lines OB and OC respectively. By using 

integration, show that with respect to those axes the coordinates of the 

centre of mass of the lamina is given by (0, 4𝑎3𝜋). 

 

A semi-circle is drawn with radius r (<a) on the lamina. The centre P of this 

semi-circle is situated on AO at a distance r from A and is cut from the lamina. 

The coordinates of the centre of mass of the remainder R are given by (𝑥̅ , 𝑦̅) 

where 𝑥̅ =  r2𝑎 + r  , 𝑦̅ =  4(𝑎2 + 𝑎r +  r2)3𝜋(𝑎+r) . 
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If the remainder R is suspended freely from the point A in equilibrium, show 

that the inclination of the edge AOB to the vertical is independent of r and 

find this fixed inclination. 

 

15. A right circular hollow cone is made from a paper in the form of a sector of a 

circle AOB of radius r, centre O which subtends at an angle of α  at O so that 

the edge OA coincides with edge OB. Prove that the distance of the centre of 

mass of the hollow cone is 
23 r cos θ where sin θ = α2π . 

 

The base of the hollow cone is closed pasting a circular paper of same mass 

as hollow cone. Show also that the distance of the centre of mass of the closed 

hollow cone is 
56 r cos θ. 

 

16. Show that the distance of the centre of mass of a sector of a circle of radius a 

which subtends an angle 2θ radians by the adjoined radii of the sector is 2𝑎 sin θ3θ  . 

 

A uniform lamina AOB in the form of a sector of a circle of radius 𝑎, is 

bounded by the radii OA and OB. A sector OPQ of radius r and centre O is 

removed from the lamina. The remaining lamina is placed at rest in a vertical 

plane with its edge in contact with a horizontal plane. If the lamina is almost 

about to topple in its vertical plane, show that r =  𝑎2  {√9𝜋2+24𝜋−483𝜋−4 }. 

 

17. A hollow body made of a thin material consists of a right circular cone with 

vertical angle 2α is joined through the common circular base of the 

hemisphere and the cone. The cone and the hemisphere are adjoined by side 

of their circular common bases. Find the centre of mass of the composite 

object. Furthermore, show that, if 6 cos α = √37 − 1, this hollow body can 

rest in equilibrium on a smooth horizontal plane, with the curved surface 

touching at any point of the hemisphere on the plane. 

 

18. The diagram shows a framework made of 

wires in which AB = 𝑎, BC = 4𝑎, CD =2𝑎, AD = 4𝑎 − 2𝑎 cos α. Find the distances 

to the centre of mass of the framework 
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from the sides BC and AB. Now when ABCD is suspended freely from the 

point D, find the angle of which AD is inclined to the downward vertical. 

 

19. The body in the diagram consists of a semicircular part and a rectangular 

part. 

 

The above diagram illustrates a framework which is made up of wires. Find 

the position of the centre of mass of the framework. 

 

20. The height of the right uniform solid cone is h and the radius OP = a.  

 

A solid is made up from a 

uniform solid right circular 

cone of radius a and height h 

and a cylinder of diameter a 

and length 
h2  as shown in the 

diagram. The density of the 

material of the handle 

(cylinder) is ρ and the density 

of the material of the cone is σ . Show that the distance of the centre of mass 

of the composite solid body is 
3h (p + 2σ)4 (3p + 2σ) from the plane face of the cylinder. 

 

If the composite solid is suspended freely from a point P of the rim of the 

circular base, show that the angle between PQ and the vertical is tan−1 ( h (3p + 2σ)4𝑎 (3p + 2σ)). 
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21. A solid hemisphere of radius a, is 

removed symmetrically from one end 

of a right circular cylinder of diameter 

2a and height 4a. Show that the 

distance to the centre of mass of the 

solid thus formed is at a distance 
67a40  from the other circular plane surface 

of the cylinder and is on the axis of symmetry. 

The plane face of a solid cone of radius a, and height a, is now joined to the 

free end of the cylinder. Now the composite body is hung freely from the 

point P, find the angle of which AP makes with the downward vertical. 

 

22. Find the position of the centre of mass of a solid hemisphere and a solid right 

circular cone from the plane of support. 

 

A solid object of density of ρ is made as a remainder, after cutting through a 

solid sphere by a plane as shown in the diagram. If the radius of the sphere 

is a, show that the mass of the remainder is 
𝜋𝑎3ρ24  (8𝜋 + 3 √3). Show also that 

the distance of the centre of mass is 
3√3𝑎8𝜋 + 3√3 from O. 

 

The remainder is joined to a solid right circular cone 

of radius 
𝑎2 and height h, so that their plane surfaces 

are coincide and symmetrical as shown in the diagram. 

Find the distance of the centre of mass of the 

composite body from O. The curved surface of the 

composite body is placed in contact with a horizontal 

surface. Find the condition for the composite body to 

be in equilibrium. 

 

o 
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23. Show that the position of centre of mass in a hollow hemi sphere of radius 𝑎 

is at a distance 
𝑎2 along the symmetric axis of the hemisphere. 

As shown in the diagram a circular plane of the hollow 

hemisphere of radius 2𝑟 is covered by plate such that 

there is a hole of radius 𝑟 in the surface of the circular 

plane. If the plane and the hemisphere are made from 

the same material which has an area density σ. Show 

that the centre of mass of the system is  
7r11 distance 

away from the lowest point P along the symmetric axis 

of the composite body. 

 

As shown in the diagram a uniform hollow 

circular cylinder with one closed side (side Q is 

closed) is attached to the earlier object such 

that both open ends are welled together, the 

radius and the height of the cylinder are 𝑟 , ℎ 

respectively. The cylinder is made from the 

same material as the composite object. When the system is freely hung from 

Q, find the angle of which the line AQ makes with the downward vertical.  

 

24. A uniform circular hollow cone has radius 𝑟 and a slanted height 𝑙, area 

density of the cone is σ. Use integration to show that the mass of the hollow 

cone is given by 𝜋𝑙𝑟σ. 

 

A frustum of height ℎ which is made from a uniform hollow circular cone has 

radii 𝑟1, 𝑟2 at each of its ends ^r2  >  r1&. Show that the distance for the centre 

of mass of the frustum is at a hypothetical distance 
2h3  ( r2r2− r1) from the vertex 

of the cone. 

 

Now the frustum is freely hung from a point on the circular edge which has 

a radius 𝑟2. Find the angle of which has the circular plane (plane with radius 𝑟2) makes with the downward vertical. 

 

25. A smooth curve which connects the points (𝑎 , 0) , (0 , 𝑎) is given 

parametrically by 𝑥 = 𝑎 sin3θ, y = a cos3θ  where (0 ≤  θ ≤  𝜋2). Show that 
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the centre of mass of the plane segment which is bounded by the curve and 

the coordinate axes is given by the coordinate G ≡ (256𝑎315π , 256𝑎315π) . 
 

26. Use integration in order to find centre of mass in a uniform solid hemisphere. 

A solid hemisphere of mass M lies on a rough plane which has an inclination 𝛼 to the horizontal such that the curved surface of the hemi-sphere is in 

contact with the plane. If the base of the hemisphere makes an angle θ to the 

horizontal show that θ is satisfied by the equation, sin θ = 83  sin α. 

 

Now a small insect lands on the highest point of the hemisphere, once the 

system comes to equilibrium the base of the hemisphere becomes parallel to 

the plane. Show that the mass of the small insect is given by  
5M sin α 8(cos α − sin α ) . 

 

27. Show that the centre of mass of an open ended hollow cone of height ℎ is at 

a distance 
23 h from the vertex of the cone, along the symmetrical axis. 

 

A bucket is made using a frustum of a hollow cone of semi vertical angle 300, 

the frustum has radiuses 𝑎 , 2𝑎 at each of its ends and the bottom of the 

bucket has a plate of radius 𝑎. The plate and the frustum are made from the 

same material which has an area density σ . Show that the centre of mass of 

the bucket is at a distance 
11√3ℎ21  from the centre of circular plane which has 

a radius of 2𝑎. 

 

Furthermore show that the bucket can be at equilibrium while its curved 

surface is touching a horizontal floor. If the horizontal floor is rough and if it 

is needed to raise the bucket up from the current position to a position where 

the flat surface (circular plane which contains the plate) of the bucket is 

touching the horizontal floor. Show that a minimum force needed to 

complete this task is given by  
25π𝑎2σ8 . 

 

28. Find the position of the centre of mass in a semicircular segment. 

A right uniform solid circular cone of radius 𝑟 and height ℎ is split into two 

equal pieces along the symmetric axis of the solid cone such that the base of 

each object is a semi-circular plane. Now a single piece is taken and it is 
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hung freely from the initial centre of the circular plane. Show that the semi 

- circular plane of the object makes an angle of  tan−1 ( 4r3hπ) with the 

horizontal. 

 

29. ACB is a circular arc which is made from bending a uniform wire. In the arc AC = CB. The centre of the arc is O and the arc ACB extends an angle of 2θ 

on the centre O. Show that the centre of gravity in arc ACB is a distance 
𝑎 sin θθ  

away from O, along the line OC. Here the radius of the arc is given by 𝑎.  

 

Two pieces are cut from a uniform wire one piece is bent such that it into a 

semi - circular arc and the other one is bent such that it turns into a circular 

arc which extends and angle 2θ on its centre. Now both the arcs are 

connected at each of their ends such that the composite object takes the 

shape of a crescent. If the centre of mass of the composite object lies on the 

inner arc show that the angle 𝜃 satisfies the equation, sin2θ +  sin θ =  θ + π2  sin θ (1 −  cos θ). 

 

30. Use integration to find center of gravity of a uniform solid cone of radius 𝑎 

and height ℎ. Furthermore, use integration and find the centre of gravity in 

solid hemisphere of radius 𝑎. 

 

As shown in the diagram a composite object 

is constructed by welding the bases of a 

solid hemisphere of radius 𝑎 and a right 

uniform solid cone of radius 𝑎 and height h, 

such that the circular planes of both objects 

coincide with each other. The material 

which the cone is made has a density of ρ , 

and the material which the hemisphere is made has a density of σ. (σ > ρ). 

i. Show that the centre of mass of the composite object is at a distance 3𝑎2 σ − h2ρ4(hρ + 2aσ)   from the common base along the symmetrical axis. 

ii. If the composite object is at equilibrium while any point of the curved 

surface of the solid hemisphere is touching a horizontal floor, for the 

above condition to be satisfied, show that h = √3σρ  𝑎. 
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31. Consider the area bounded by the curved surface of the ellipse which is given 

by the equation  
𝑥2𝑎2 + 𝑦2𝑏2 = 1 for 𝑥 > 0, 𝑦 > 0 consider the part of the ellipse 

which belongs to the first quadrant with both the coordinate axes 𝑥 and 𝑦. 

Show that the coordinate of the centre of mass for the above bounded area 

of the ellipse is given by (4𝑎3π , 4b3π). 

 

32. A rod of length 2𝑙 and mass w2 is attached to a point on the edge of a hollow 

sphere of radius 𝑎 and mass w1, such that the composite object takes the 

shape of a spoon. The rod acts as the handle of the spoon. Find the centre of 

mass of this composite object. Furthermore, it is given that  𝑎 =  𝑙2 and that    w2w1 =  √672 . Now the spoon is placed on a horizontal surface such that the 

curved surface of the spoon is touching a horizontal floor. Show that the rod 

(handle) of the spoon doesn’t touch the horizontal surface at its other end 

(open end).  

 

33. ABC is a circular arc which is made from bending a uniform wire. In the arc AC, CB have the nature of two inner edges. Find the center of gravity of this 

uniform wire. 

   

Now the uniform wire ABC is freely hung from the point A, at the point of 

equilibrium show that CA makes an angle of tan−1 ( 3π+1) with the downward 

vertical. 

 

34. Use integration and show that the centre of mass of a solid hemisphere of 

radius 𝑎 is at a distance 
3𝑎8  away from its surface of the circular plane along 

the symmetrical axis. 

 

The plane surface of a solid hemisphere of radius 𝑎 

is symmetrically attached to the plane surface of a 

solid sphere of radius 𝑏, (𝑏 < 𝑎) as shown in the 

diagram. You may assume that both spheres are 

made from the same material. 
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i. Show that the centre of mass of the composite object is at a distance 3 (𝑎2+ b2)(𝑎−b)8 (𝑎2 − 𝑎b + b2)   from the common base along the symmetric axis. 

ii. Now the sphere is freely hung from a point on the edge of the circular 

pane in the large sphere. When the system is at equilibrium, show 

that the plane surface makes an angle of tan−1 [ 3 (𝑎2+ b2)(𝑎−b)8𝑎 (𝑎2 − 𝑎b + b2)  ] with 

the vertical. 

 

35. Use integration to show that the centre of mass of a right uniform solid cone 

of height ℎ is at a distance 
3ℎ4  away from the vertex of the cone along the 

symmetrical axis. 

 

A cone of radius 𝑟 and a height 
h2 is removed from a right uniform cylinder of 

radius 𝑟 and height ℎ. Both the cylinder and the cone has the same base. 

Show that the centre of mass of the remainder is at a distance 
2340 ℎ away from 

the base of the cone along the symmetrical axis. 

 

Now the object is placed on a rough horizontal plane such that the solid 

circular plane of the cylinder is touching the rough horizontal plane. Now the 

horizontal plane is gradually slanted. If the friction force between the object 

and the rough plane is sufficient enough to prevent the object from sliding, 

find the minimum inclination of the plane in order for this cylinder to topple. 

 

36. If a solid spherical zone is constructed by a material which has a density of ρ, Use integration and show that the mass of a solid spherical zone which has 

a radius 5𝑎 and a height 2𝑎 is  
52𝜋𝑎2ρ3  . 

i. Show that the centre of mass of the spherical zone is at a distance 
9𝑎13 

away from the plane surface along the symmetrical axis of the solid 

spherical. 

ii. Now a right uniform solid cone of base radius 4𝑎 and height ℎ is 

attached to the spherical zone such that both objects have a common 

base. Show that the centre of mass of the composite object is at a 

distance of  
h2− 9𝑎213𝑎+4h away from the common base along the symmetric 

axis of the composite object. 
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If the composite object is at equilibrium while the curved surface of 

the spherical zone is touching a rough horizontal floor, show that h <2(6 +  √21)𝑎. 

 

37. A solid hemi sphere of radius 𝑎 is separated into two parts by cutting the 

sphere along a plane which is at distance 𝑏 away from the centre of the 

sphere. Show that the distance between the centres of masses of the two 

pieces is given by 
3𝑎34𝑎2− b2 . 

 

38. Use integration to find the centre of mass of a right uniform hollow cone. 

 

A frustum is made by cutting a hollow cone parallel to its base from 

separating the plane which is at a distance 𝑘ℎ away from the vertex of the 

cone. The hollow cone has a base radius 𝑎 and a height ℎ. Find the distance 

for the centre of mass of the frustum from the hypothetical vertex of the 

cone. Now the frustum is at equilibrium while its curved surface is touching 

a horizontal floor. In order for the frustum to be at equilibrium deduce that { 3k3+ k2+k − 1}  >  4𝑎2h . 

 

39. A solid spherical zone of height 
𝑎2 is cut off from a sphere of radius 𝑎 show 

that the centre of mass of the spherical zone is at a distance 
27𝑎40  from the 

hypothetical centre of the sphere. 

 

Now a right uniform solid cone of base radius 
√3𝑎2  and a height ℎ is attached 

to the spherical zone such that both objects have a common base. Find the 

centre of mass of the composite object, for the composite object to hold its 

equilibrium while the curved surface of the solid spherical zone touching a 
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rough horizontal floor. Furthermore, show that the necessity for the above 

situation is only satisfied by the inequality 2h ≤ 𝑎(√13 + 2). 
 

40. A triangle ABC of side lengths 3𝑎, 4𝑎, and 5𝑎 is created from bending a 

uniform wire. Where AB̂C =  900 and AB = 3𝑎, BC = 4𝑎, AC = 5𝑎 find the 

distance for the centre of mass of the triangle from the sides AB and BC along 

the respective symmetrical axes. Now the triangle is freely hung from the 

point A, Find the inclination of which AB makes with the downward vertical. 

 

41. OAB is a right uniform hollow cone, its semi 

vertical angle is 𝛼 and its height is ℎ. Find the 

distance to the centre of mass of the hollow cone 

from the vertex O along the symmetric axis of the 

cone. Now the hollow cone is freely hung from A, 

Calculate the angle of which AO makes with the 

downward vertical. 

 

42. Use integration to find the centre of mass of a right uniform hollow cone 

which has a base radius 𝑎 and a height ℎ. 

 

Now a bucket is made from a thin metal plate by covering the small circular 

plane of a frustum of height ℎ which was made by a right uniform hollow 

cone. The radiuses of circular planes at each end of the frustum are 𝑎 and 2𝑎. 

Show that the distance along the symmetrical axis the centre of mass of the 

bucket from the small circular end is 
5𝑙h(9𝑙+3𝑎). Where 𝑙 is the slanted height of 

the frustum (𝑙 =  √h2 +  𝑎2). If h =  43 𝑎 show that the frustum cannot be at 

equilibrium while the curved surface of the frustum is in contact with a 

rough horizontal floor. 

 

43. A slanted cone which has a uniform density has a base radius 𝑎. The height 

to the vertex of the plane of its base is b. The axis of the cone makes an angle 

of  450 degrees with the base of the cone. Find the centre of mass in the 

composite object. 
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The cone can lie at equilibrium while its curved surface is touching a 

horizontal floor, without toppling to its circular base. For the above 

condition to be satisfied show that  4𝑎2 +  2b2 > 5𝑎b. 

 

44. The plane surface of a solid hemisphere of radius 𝑟 is symmetrically attached 

to the plane surface of a right uniform solid cone of radius 𝑟 and height ℎ in 

order to make a composite object in a shape of a top. You may assume that 

both spheres are made from the same material. Find the centre of mass of 

the top. Now the top is kept at a horizontal floor such that the curved surface 

of the solid sphere is touching the horizontal floor, show that the top is at 

stable equilibrium , neutral equilibrium or unstable equilibrium depending 

on the fact that h ⋛ √3𝑟. 

 

45. Find the centre of mass of the surface area of a hemisphere. A hollow 

hemisphere of radius 5r and a cylinder of base radius 4r and height h is made 

from the same metal plate. The cylinder and the hollow hemisphere is 

attached to each other symmetrically such that the plane of the edge of the 

hemisphere is perpendicular to the axis of the cylinder, and also one base of 

the cylinder touches the inner surface of the hollow sphere. Find the centre 

of mass of the composite object. Now the composite object is kept at a 

horizontal surface such that the curved surface of the hemisphere is touching 

the horizontal floor symmetrically. Show that the composite object is at 

stable equilibrium, neutral equilibrium or unstable equilibrium depending 

on the fact that 2h ⋛ (√161 + 6)r. 

 

46. Find the centre of mass of a semi-circular arc of radius 𝑎 and centre O. 

A rod of length 2𝑙(> 2𝑎) is fixed to the axis of a semi - circular arc of radius 𝑎 and mass M such that the composite object takes the shape of an anchor of 

a ship. Now this anchor is placed on a rough horizontal surface such that its 

curved surface is touching the horizontal floor. Initially the anchor remains 

in rest at a position of equilibrium symmetrically, such that the horizontal 

surface touching the curved surface of the semi - circular arc. Now a small 

angular displacement is given to the anchor, if the anchor once again reaches 

its original position show that the inequality  M >  𝜋m(𝑙−𝑎)2𝑎  is satisfied. 
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47.  

i. A uniform rod AB of weight W and length 2𝑎 is kept in equilibrium with 

the end A in contact with a rough vertical wall; it is supported by a light 

inextensible string of equal length 2𝑎 connecting the other end B to a 

point C of the wall, vertically above A. The rod is inclined at an angle θ to 

the upward vertical and it lies in a vertical and it lies in a vertical plane 

perpendicular to the wall. Find the tension in the string and show that θ ≥ cot−1 (μ3), where 𝜇 is the coefficient of friction. 

ii. Show, by integration, that the distance of the centre of gravity of a 

uniform solid hemisphere whose plane base is of radius a, from the base 

is 
3𝑎8 . A uniform solid body is formed by welding together, at coincident 

bases of radii a, a hemisphere and a right circular cone of semi-vertical 

angle α. If the body can rest in equilibrium with any point of the curved 

surface of the hemisphere in contact with a horizontal table, find the 

value of α. 

2000 A/L 

 

48. Show that the position of the centre of mass of a uniform solid right circular 

cone of height h is on its axis at a distance 
3h4  from the vertex. 

Such a cone, of semi-vertical angle 15°, rests with its base on a rough 

horizontal floor. It is tilted to one side by a light inextensible string attached 

to its vertex. The string pulls downwards making an angle 45° with the 

horizontal, in a vertical plane through the axis of the cone. The edge of the 

cone is about to slip on the floor when the vertex is vertically above the 

point of contact of the edge and the floor. Write down sufficient equations 

to determine the tension T in the string, the normal reaction, and the 

frictional force. Hence show that, 

i. T = 3√2𝑊16  . 

ii. the value of the coefficient of friction, is 
319 . 

2001 A/L 
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49. Show that the centre of mass of a uniform solid hemisphere of radius a is at 

a distance 
38 𝑎 from the base of the hemisphere. 

A solid is formed by the removal of a right circular cone of base radius a 

and height a from a uniform solid hemisphere of radius a. The plane bases 

of the hemi - sphere and the cone are coincident, with O as the common 

centre of both. Find the distance from O of the centre of mass G of the solid, 

assuming that the centre of mass of a right circular cone of height h is at a 

distance 
34 h from the vertex. 

 

The figure shows the vertical cross-

section of the above solid resting in 

equilibrium with a point on the 

curved surface in contact with a rough 

plane inclined at an angle θ to the 

horizontal. O and G are in the same 

vertical plane through a line of 

greatest slope of the plane. Given that 

OG is horizontal, show that θ = 30°. 

 

If W is the weight of the hemisphere, obtain in terms of W, the values of the 

fictional force and the normal reaction at the point of contact. 

Find also the smallest possible value of the coefficient of friction between 

the plane and the solid. 

2002 A/L 

 

50. Show that the centre of gravity G of a uniform triangular lamina ABC is at 

the point of intersection of its medians. 

Show also that G coincides with the centre of gravity of three particles of 

equal mass placed at A, B and C. A uniform triangular lamina ABC, obtuse 

angled at C stands in a vertical plane with the side AC in contact with a 

horizontal table. Show that the largest weight which if suspended from 

vertex B will not overturn the lamina is 
13  W 𝑎2+3𝑏2−𝑐2𝑐2−𝑎2−𝑏2 , where W is the 

weight of the triangle and 𝑎, 𝑏, 𝑐 have their usual meanings. 

2003 A/L 
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51. Show that the centre of gravity of a uniform solid right circular cone of 

height ℎ is at a distance 
14 ℎ, on its axis, from the base. 

 

The figure shows what remains of a uniform solid right 

circular cylinder ABCD of height H and base radius R, 

after a solid right circular cone EAB of height h and 

base radius R is scooped out. Find the distance of the 

centre of gravity of the resulting body S, from AB. 

 

Hence, show that, if the centre of gravity of S is at E, 

then h = (2 − √2)H. 

The body S is placed on a rough plane making an angle 𝛼 (< 𝜋2) with the 

horizontal, the base DC being on the plane. The plane is rough enough to 

prevent S from slipping. Assuming that the centre of gravity of S is at E, 

show that S will not topple if 𝑅 tan𝛼 > (√2 − 1)H. 

2004 A/L 

 

52. Out of a uniform spherical shell, of radius 𝑎, 

centre O and surface density 𝜎, a zone is cut 

off by two parallel planes at distances 𝑎 cos 𝛼, a cos 𝛽 from O (on either side of O), where 

O < 𝛼 < 𝛽 < 
𝜋2, as shown in the figure. 

Show, by integration, that 

i. the mass of the zone is 2𝜋𝑎2𝜎(cos 𝛼 +cos 𝛽). 

 

ii. the centre of mass of the zone lies on the axis of symmetry midway 

between its two ends A, B with the end A at a distance 𝑎 cos 𝛼 from 

O. 

 

A thin uniform circular disc of the same surface density 𝜎 and radius 𝑎 sin 𝛽 is now fastened to the larger circular edge of the zone, so 

that the centre of the disc is at B. Show that the composite body can 

𝛽 



Past Papers 

19 

 

rest in equilibrium with any point of the spherical surface on a 

horizontal floor, provided that sin 𝛼 = sin 𝛽 √1 − cos 𝛽. 

2005 A/L 

 

53. The body shown in the figure consists of a uniform solid 

hemisphere of centre O and radius 𝑎, and a uniform 

solid right circular cone of the same density with base 

radius 𝑎 and height ℎ, rigidly joined at the common 

base. 

Find, by integration, the distances to the centre of mass 

of the cone and the hemisphere from the point O. 

Hence show that the centre of mass of the composite body is at a distance |ℎ2−3𝑎2|4(ℎ+2𝑎)  from O. 

The composite body is placed with the hemispherical surface on a rough 

horizontal floor so that its axis of symmetry is vertical. It is slightly 

displaced from this position of equilibrium so that the axis of symmetry 

makes a small angle with the vertical. Show that the body will topple over, 

if ℎ > √3𝑎. What happens if, 

i. ℎ < √3𝑎 

ii. ℎ = √3𝑎 

2006 A/L 

 

54. A hollow baseless cone of vertex O, semi-vertical angle 𝛼 and height h is 

made up of a uniform thin metal sheet of mass 𝜎 per unit area. Show that its 

mass is 𝜋𝜎ℎ2 sec 𝛼 tan𝛼, and find the position of its centre of mass. 

A uniform circular disc, of centre B and radius h tan 𝛼, made up of the same 

type of metal sheet is now fixed as the base of the above cone. Show that 

the distance of the centre of mass of the composite body from O is ℎ(23 sec𝛼+tan𝛼)sec𝛼+tan𝛼 . 

The composite body is suspended from a point A of the rim of the base. If 

AO and AB make equal angles with the downward vertical, show that sin 𝛼 = 13. 

2007 A/L 
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55. In the figure below, ABCD represents a uniform solid body of density 𝜌 in 

the form of a frustum of height ℎ, of a right circular cone. The diameters of 

its circular plane faces are AB = 2𝜆𝑎 and CD = 2𝑎, where λ is a parameter 

and 0 < λ <  1. 
Show, by integration, that its mass is 

13 𝜌𝜋𝑎2 ℎ (1 + 𝜆 + 𝜆2), and that its 

centre of mass G is at a distance 
ℎ4  (3+2𝜆+𝜆2)1+𝜆+𝜆2  from the centre of the smaller 

face. 

Deduce the mass and the position of the centre of mass of a uniform right 

circular solid cone of base radius 𝑎 and height h. A solid body J is obtained 

from the frustum ABCD by scooping out a right circular solid cone VAB of 

base radius λ𝑎 and height 
ℎ2, Find the position of the centre of mass G1 of J, 

and verify that G1 cannot coincide with V. 

The body J is suspended freely from a point of the circumference of the 

larger face. Show that, in the position of equilibrium the axis of symmetry 

of J makes an acute angle 𝛽 with the vertical given by tan 𝛽 = 8𝑎ℎ  (2+2𝜆+𝜆2)(4+8𝜆+5𝜆2). 
2008 A/L 

 

56. Show that the centre of mass of a uniform circular arc of a circle of radius r 

subtending an angle 2𝛼 at the centre is at a distance 
𝑟 sin𝛼𝛼  from the centre. 

Hence, show that the centre of mass of a uniform circular sector of a circle 

of radius 𝑎, subtending an angle 2𝛼 at the centre, is at a distance 
2𝑎 sin𝛼3𝛼  

from the centre. 
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A crescent shaped uniform lamina is 

bounded by a semicircle with centre O 

and radius 𝑎 and a circular arc 

subtending an angle 
2𝜋3  at its centre C 

as shown in the figure. Show that the 

centre of mass of this lamina is at a distance k𝑎 from C, where 𝑘 = 3√3𝜋𝜋+6√3 

 

Let M be the mass of the lamina. The end A of a thin uniform straight rod 

AD of length 2𝑎 and mass m is rigidly fixed to the crescent at A along the 

extended line BA, forming a sickle as shown in the figure. The sickle is then 

placed on a horizontal floor with the plane of the lamina vertical and the 

semicircle and the free end D of the rod touching the floor. If it stays in 

equilibrium in this position, show that M(√3k − 1) < 4√6m. 
2009 A/L 

 

57. Show that the centre of gravity of a uniform solid right circular cone of 

height h is on its axis of symmetry at a distance 
14 ℎ from the base of the 

cone. 

A mould for a right circular cone with base radius r 

and height h is produced by making a conical hollow 

in a uniform solid right circular cylindrical block of 

radius R (> r) and height H (> h). The axis of 

symmetry of the conical hollow coincides with that 

of the cylindrical block. The mould made is as shown 

in the figure. Find the distance to the centre of 

gravity of the mould from the diameter PQ. 

 

If R= 2r and the centre of gravity of the mould is at 

the vertex of the conical hollow, deduce that ℎ = 2(4 − √14)H. The mould 

with R = 2r is suspended from the point P and hangs freely in equilibrium. 

Further, if H = 3r, find the inclination of PQ with the downward vertical. 

2010 A/L 
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58. Show that the centre of mass of a uniform solid hemisphere of radius 𝑎 is 

on its axis of symmetry at a distance 
38 𝑎 from the base of the hemisphere. 

The inner and outer radii of a uniform solid hemispherical shell are 𝑎 and b 

(>𝑎). Show that the distance of its centre of mass from the centre along the 

axis of symmetry is 
3(𝑎+𝑏)(𝑎2+𝑏2)8(𝑎2+𝑎𝑏+𝑏2) . 

This hemispherical shell rests in equilibrium so that its curved surface is in 

contact with a rough horizontal ground and equally rough vertical wall. 

Show that if the equilibrium is limiting, the inclination of the base to the 

horizontal is 𝑠𝑖𝑛−1 {8𝜇𝑏(1+𝜇)(𝑎2+𝑎𝑏+𝑏2)3(1+𝜇2)(𝑎+𝑏)(𝑎2+𝑏2)} , where 𝜇 is the coefficient of friction 

between the shell and the rough surfaces. 

2011 A/L 

 

59. Show that the centre of mass of a uniform solid right circular cone of height 

h is on its axis of symmetry at a distance 
14 ℎ from the base of the cone. 

 

A uniform solid composite body consists 

of a right circular cone of base radius 3r 

and height h and a right circular cylinder 

of radius r and height 2h fixed together 

as shown in the figure. 

Show that the centre of mass of the 

composite body is on its axis of symmetry at a distance 
54 ℎ from the vertex 

of the cone. 

 

The composite body is hanged freely in a vertical plane by a light 

inextensible string, one end of which is fixed to a ceiling and the other end 

to a point A on the circumference of the circular base of the cone. 

 

If the axis of symmetry of the composite body makes an angle 𝛼 with the 

downward vertical, show that, 

tan 𝛼 = 12𝑟ℎ . 
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By applying along the axis of symmetry of the composite body, a force P at 

the vertex of the cone, the composite body is kept in equilibrium so that the 

axis of symmetry of the composite body is horizontal. Find the force P and 

the tension of the string in terms of W and 𝛼, where W is the weight of the 

composite body. 

2012 A/L 

 

60. Show that the centre of mass of a uniform solid hemisphere of radius 𝑎 is 

on its axis of symmetry, at a distance 
3𝑎8  from the centre 

of the base. 

A composite body is made by rigidly joining a solid 

hemisphere and a solid sphere, made of the same 

uniform material, to the two ends of a uniform rod of 

length 2𝑙 and mass 𝑚 in such a way that the axis of 

symmetry of the hemisphere, the rod and the centre of 

the sphere are all lying on the same line, as shown in the 

figure. The sphere is of radius 𝑟 and mass m, and the 

hemisphere is of radius 2r. Show that the centre of mass 

of the composite body is at a distance 
16  (8𝑟 + 3𝑙) from 

the centre of the base of the hemisphere. 

 

This composite body is placed on a fixed plane inclined at an angle 𝜃 to the 

horizontal with the base of the hemisphere touching the plane. Assuming 

that the plane is rough enough to prevent slipping, show that the composite 

body will not topple if tan 𝜃 < 12𝑟8𝑟+3𝑙 . 
Show that if 𝑙 = 4𝑟3  and 𝜃 = 𝜋6, then the composite body will not topple and 

find the magnitude of the normal reaction exerted on the composite body 

by the inclined plane. 

2013 A/L 

 

61. Show by integration that the centre of gravity of the frustum obtained by 

cutting a uniform hollow hemispherical shell of radius 𝑎 and surface 

density 𝜎 by a plane parallel to its circular rim and at a distance 𝑎 cos 𝛼 
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from the centre O, is at the mid-point of OC, where C is the centre of the 

smaller circular rim. 

 

A bowl is made by rigidly fixing the edge of a thin uniform circular plate of 

radius 𝑎 sin 𝛼 having the same surface density 𝜎 to the smaller circular rim 

of the above frustum. Show that the centre of gravity of this bowl is on OC 

at a distance ( 1+cos𝛼−𝑐𝑜𝑠2𝛼1+2cos𝛼−𝑐𝑜𝑠2𝛼) 𝑎 cos 𝛼 from O. 

 

 

Let 𝛼 = 𝜋3 and let W be the weight of the 

bowl. A saucepan is made by rigidly 

fixing a thin uniform rod AB of length b 

and weight 
𝑊4  to the rim of the bowl as a 

handle such that the points O, A and B 

are collinear, as shown in the figure. 

Find the position of the centre of gravity of the saucepan. 

 

The saucepan is freely suspended from the end B of the handle and hangs 

in equilibrium with the handle making an angle tan-1 (17) with the 

downward vertical. Show that 3𝑏 =  4𝑎. 
2014 A/L 

 

62. Using integration, find the positions of the centre of mass of a uniform solid 

cone of base radius 𝑎 and height h, and a uniform solid hemisphere of 

radius 𝑎. 

Let R denote the solid body obtained by removing 𝑎 right circular cone C, of 

base radius 𝑎 and height 𝑎 from a uniform solid hemisphere of mass M, 

radius 𝑎 and centre O. Find the mass of the solid body R, in terms of M, and 

the position of its centre of mass. 

The solid cone C is next fixed to the solid body 

R so as to form a composite body S, as shown in 

the figure. The circular edge of the base of C is 

rigidly attached to the rim of R, so that the 

centre O of the rim is coincident with centre of 
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the base of C. Show that the centre of gravity G of the composite body S is 

on its axis of symmetry at a distance 
𝑎8 from the common centre O of the 

bases. 

i. The composite body S is freely suspended from a point P of the edge. 

a) Find the inclination of the axis of symmetry OV to the 

horizontal, where V is the vertex of C. 

b) Find, in terms of M, the mass m of the particle that should 

be attached to the vertex V so as to make the axis of 

symmetry horizontal. 

 

ii. The composite body S, with the mass m attached at V is removed 

from the point of suspension and kept in equilibrium, with the 

hemispherical surface placed on a fixed smooth horizontal plane. 

Find the range of values of the angle between the axis OV and the 

upward vertical. 

2015 A/L 

 

63. Show that the centre of mass of a uniform semi-circular lamina of radius r 

and centre O is at 𝑎 distance 
4𝑟3𝜋 from O. 

As shown in the adjoining figure, a 

uniform plane lamina L is made by 

rigidly attaching a rectangle ABCD 

to a square PQRS such that DC and 

PQ lie on the same line with their 

mid-points coinciding, and a semi-

circular region XYZ of radius 
𝑎2 centred at the mid-point T of RS. It is given 

that AB = a and AD = PQ = 2𝑎. Show that 

the centre of mass of the lamina L lies on 

the axis of symmetry at a distance 𝑘𝑎 from 

RS, where k = 
2383(48−𝜋) . 

As shown in the adjoining figure, the 

lamina L is in equilibrium on a rough plane 

inclined at an angle 𝛼 to the horizontal 

with its plane vertical and the edge PS on a 
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line of greatest slope such that the point P lies below S. Show that 𝑡𝑎𝑛 𝛼 <(2 − 𝑘) and 𝜇 ≥  𝑡𝑎𝑛 𝛼 where 𝜇 is the coefficient of friction between the 

lamina and the inclined plane. 

2016 A/L 

 

64. Show that the centre of mass of a thin uniform wire in the shape of a semi-

circular arc of centre C and radius 𝑎, is at a distance 
2𝑎𝜋  from C. 

In the adjoining figure, PQ, PR and ST are three 

straight line pieces cut from a thin uniform wire of 

mass 𝜌 per unit length. The two pieces PQ and PR are 

welded to each other at the point P and then welded 

to ST at the points Q and R. It is given that PQ = PR = 𝑎, ST = 2𝑎 and PO = 
𝑎2, where O is the mid-point of 

both QR and ST. Also, SUT is a semicircular arc of 

centre O and radius 𝑎 made up of a thin uniform wire 

of mass k𝜌 per unit length, where k(>0) is a constant. 

The rigid plane wire-frame L shown in the figure has been made by welding 

the semicircular wire SUT to the wire ST in the plane of PQR at the points S 

and T. Show that the centre of mass of L is at a distance (𝜋𝑘+4𝑘+3𝜋𝑘+4 ) 𝑎2 from P. 

 

The wire frame L is in equilibrium with its circular 

part touching a smooth vertical wall and a horizontal 

ground rough enough to prevent slipping, and its 

plane perpendicular to the wall as shown in the 

adjoining figure. Mark the forces acting on L and 

show that 𝑘 > 14. Now, let k = 1. The equilibrium is 

maintained in the above position even after a particle 

of mass m is attached to L at the point P. Show that m<3𝜌𝑎. 

2017 A/L 

 

65. Show that the centre of mass of a uniform solid 

hemisphere of radius 𝑎 is at a distance 
38 𝑎 from its 

centre. A hemispherical portion of radius 𝑎 is carved 

out from a uniform solid right circular cylinder of 
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radius 𝑎, height 𝑎 and density 𝜌. Now, a uniform solid hemisphere of radius 𝑎 and density λ𝜌 is fastened at its circular face to the circular face of the 

remaining portion of the cylinder, so that the two axes of symmetry 

coincide, as shown in the adjoining figure. Show that the centre of mass of 

the body S thus formed, lies on its axis of symmetry at a distance 
(11𝜆+3)𝑎4(2𝜆+1)   

from O, the centre of the rim. Let λ = 2 and let A be a point on the circular 

rim of the body S. 

 

This body S is kept in equilibrium against a rough vertical wall by means of 

a light inextensible string with one end attached 

to the point A and the other end to a fixed point 

B on the vertical wall. In this equilibrium 

position, the axis of symmetry of S is 

perpendicular to the wall and the hemispherical 

surface of S touches the wall at the point C at a 

distance 3𝑎 vertically below the point B. (See the 

adjoining figure.) The points O, A, B and C lie on 

a vertical plane perpendicular to the wall. 

 

If 𝜇 is the coefficient of friction between the 

hemispherical surface of S and the wall, show 

that 𝜇 ≥ 3. 

2018 A/L 

66. Show that the center of mass of 

i. A thin uniform semi-circular wire of radius a is at a 

distance 
2𝑎𝜋  from its center, and 

ii. A thin uniform hemispherical shell of radius a is at a 

distance 
𝑎2 from its center. 

A spoon is made by rigidly fixing, to a thin uniform 

hemispherical shell of center O and radius 2𝑎, a thin 

handle ABCD made of uniform wire consisting of a straight 

piece AB of length 2𝜋𝑎 and a semi-circular piece BCD of 

radius 𝑎, such that the diameter BD is perpendicular to AB, 

as shown in the figure. The point A lies on the rim of the hemisphere, OA is 

perpendicular to AB, as shown in the figure. The point A lies on the rim of 
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the hemisphere. OA is perpendicular to AB, and OD is parallel to AB. Also, 

BCD lies in the plane of OABD. The mass per unit area of the hemisphere is 𝜎 and the mass per unit length of the handle is 
𝑎𝜎2 . 

Show that the center of mass of the spoon lies at a distance 
219𝜋 (8𝜋 − 2𝜋2 −1)𝑎 below OA, and a distance 

519 𝑎 from the line passing through O and D. 

The spoon is placed on a rough horizontal table with the hemispherical 

surface touching it. The coefficient of friction between the hemispherical 

surface and the table is 
17 . Show that the spoon can be kept in equilibrium 

with OD vertical by a horizontal force applied at A in the direction of  AO⃗⃗⃗⃗  ⃗. 

2019 A/L 

67. Show that the centre of mass of

i. a uniform solid right circular cone of

base radius r and height h is at a distanceℎ4 from the centre of the base,

ii. a uniform solid hemisphere of radius r is

at a distance 
3𝑟8  from its centre.

The adjoining figure shows a mortar S made by 

removing a solid hemisphere from a frustum of a solid uniform right 

circular cone having base radius 2𝑎 and height 4𝑎. The radius and the 

centre of the upper circular face of the frustum are 

2𝑎 and O, respectively, and those for the lower circular 

face are 𝑎 and C, respectively. The height of the frustum 

is 2𝑎. The radius and the centre of the removed solid 

hemisphere are 𝑎 and O, respectively. Show that the 

centre of mass of mortar S lies at a distance 
4148 𝑎 from O. 

Mortar S is placed on a rough horizontal plane with its lower circular face 

touching the plane. Now, the plane is tilted upwards slowly. The coefficient 

of friction between the mortar and the plane is 0.9. Show that if 𝛼 <𝑡𝑎𝑛−1(0.9), then the mortar stays in equilibrium, where 𝛼 is the inclination 

of the plane to the horizontal. 

2020 A/L 
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