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1.

An object is projected horizontally at an angle of 30⁰ and a velocity of
200𝑚𝑠 −1 . Find the velocity and direction of motion.
i.

2.

in 5 seconds

ii.

in 10 seconds

iii.

in 15 seconds.

g =10𝑚𝑠 −2

A particle is projected inclined to the horizontal from the point O. At 5 seconds
the velocity of the particle is 50𝑚𝑠 −1 and the direction of motion is

horizontally 300 inclined. Find the projection velocity and the projection
3.

angle if g = 10 ms⁻².

Find the velocity and the projection angle of an object at a height of 49m,
which was projected with a velocity of 98𝑚𝑠 −1 and an inclination of 300 to

4.

the horizontal. Let g = 9.8 ms⁻².

An object is projected from the O origin at a velocity of (20i +40j) 𝑚𝑠 −1 , find
the velocity of the projected object (i) in 3 seconds and find the position

5.

vector at that moment g = 10𝑚𝑠 −2 .

A particle is projected from the O origin at the velocity of (7𝑖 +30𝑗)𝑚𝑠 −1. The
particle passes through point P in the 14𝑖 +y𝑗 position vector. If g = 10 ms⁻²,

find the time from O to P. Also find the value of Y. Also find the velocity vector
in P.
6.

When t = 0, the object projected horizontally 𝜃 inclined from O point, passes
through P with an angle of elevation α from O. At P, the direction of motion of

7.

the object is horizontally β inclined. Show that tan θ =2 tan α – tan β.

A particle is projected horizontally θ inclined at O velocity of 𝑢 𝑚𝑠 −1 from

point O. After some time t, the particle is in P. The ascending angle from O to
P is α.

𝑔𝑡𝑐𝑜𝑠 𝛼
.
2𝑠𝑖𝑛 (𝜃−𝛼 )

i.

Show that the projection velocity of the particle is

ii.

Show that if the projection angle is 2α and the ascending angle of P is
α, then the projection velocity is
1

𝑔𝑡
𝑐𝑜𝑡
2

𝛼.
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iii.

8.

Find the time from O to P when point P is the maximum height point.
Hence, at the maximum height of P, also obtain that tan θ = 2 tan α.

A particl is projected from O with a velocity of 147𝑚𝑠 −1and an inclination of

300 to the horizontal, find the maximum height reached and the time taken to
reach the maximum height.
9.

An object is projected at a velocity 35𝑚𝑠 −1 at an inclination of 𝑡𝑎𝑛−1(2) to
the horizontal from point O, find the

10.

(i)

Maximum height

(ii)

Find the vertical height from O to the point P where the direction of
motion is inclined horizontally 450 .

When t=0 a particle P is projected horizontally θ inclined from point O at a

velocity u 𝑚𝑠 −1 . If the maximum height attained by the particle from O is a m,

show that a = 𝑢2 𝑠𝑖𝑛 𝜃 /2𝑔. Let A and B be two points with a vertical height of

b m (<a) from the horizontal plane through O. At points A and B, the direction
of motion of the particle is inclined α horizontally. Show that 𝑡𝑎𝑛2 𝛼 =
𝑎−𝑏
)
𝑎

(

𝑡𝑎𝑛2 𝜃.

(i) Deduce that the particle moves horizontally at maximum height.
11.

Find the flight time of a particle projected from point O on the horizontal plane
at an inclination of 300 horizontally at a velocity of 196 𝑚𝑠 −1 . Find the

maximum altitude time and deduce that twice its value is equal to the total

12.

flight time. g = 9.8 𝑚𝑠 −2 .
Show that

𝑣𝑠𝑖𝑛 𝛼
𝑔

is the time taken for an object projected horizontally at an

angle α from the point O at a velocity v to reach its maximum height. At the t
time (𝑡 <

𝑣𝑠𝑖𝑛 𝛼
)
𝑔

the object is at point P. The direction of motion at P is

inclined β horizontally. Obtain tan β =
2

𝑣𝑠𝑖𝑛 𝛼−𝑔𝑡
.
𝑣𝑐𝑜𝑠 𝛼
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When the object is at the horizontal line A through O, the direction of motion
is inclined θ horizontally. Show that θ = - 𝛼 . Deduce the time from O to A as
2 𝑣𝑠𝑖𝑛 𝛼
𝑔

13.

.

Find the horizontal range of an object projected at a velocity 98 √3 𝑚𝑠 −1 with
an inclination of 300 to the horizontal from point O. g = 9.8𝑚𝑠 −2 .

14.

Find the maximum horizontal range of an object projected from an O point on
the horizontal plane at a horizontal incline of 98 √2 𝑚𝑠 −1 velocity and the

15.

projection angle that gives that range. g = 9.8 𝑚𝑠 −2

An object is projected from point O horizontally α inclined with a velocity v
on the horizontal plane where the maximum height is h and horizontal range
is a. Show that α = 𝑡𝑎𝑛

16.

−1

4ℎ
( 𝑎 ) and v =

[2𝑔 (ℎ

1

2
𝑎2
+ 16ℎ)]

.

When t = 0 an object is projected at a velocity v inclined α to the horizontal
from the point O, where the maximum height is a and the horizontal range is

R, Show that a =

𝑣 2 𝑠𝑖𝑛2 𝛼
2𝑔

and R =

𝑣 2 𝑠𝑖𝑛 2𝛼
𝑔

. If the maximum horizontal range

is b, obtain that 16𝑎2 − 8𝑏𝑎 + 𝑅 2 = 0 . If b = 25 √3 and R = 20 and if the two
values for the maximum height are a₁ , a₂, show that a₁ + a₂ =

17.

25√3
.
2

When t = 0 an object is projected horizontally α inclined at velocity u𝑚𝑠 −1 , if
the range on the horizontal plane through O is R show that R =
show that the maximum value of R m is

𝑢2
𝑔

𝑢2

𝑢2
𝑠𝑖𝑛
𝑔

2𝛼. Also

. When R< 𝑔 , show that there are

two projection angles 𝛼 1 and 𝛼 2 (𝛼 1< 𝛼 2) to form the range R of the object.
3
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For the two projections, let T1 and T2 be the flight times, respectively. If T1 T2
=

2𝑅
𝑔

𝑢
(√3 −
𝑔

and 𝛼 1 = 300 , deduce that T2 – T1 =

1).

18.

Find the flight time of an object to reach a point above 49meters which is

19.

projected horizontally inclined 600 at velocity 196 𝑚𝑠 −1 . g = 9.8 𝑚𝑠 −2 .

When t = 0 an object is projected from point A. Find the horizontal range R.
Show that the horizontal distance between two points P, Q, which is 𝜆 (<1)
times the maximum height of the object is R√ 1 − 𝜆 . What happens when 𝜆 =
1?

20.

A particle P is projected under gravity at an initial velocity u from a point O
𝜋

on the ground at an angle of 𝛼1 (< 2 ) to the horizontal. If there is a P particle
at a height of h [≤

𝑢2
2𝑔

𝑠𝑖𝑛2 𝛼1 ] above the ground at horizontal distances 𝑑1 and

𝑑2 from O, show that 𝑑1 + 𝑑2 =

𝑢2
sin 2𝛼1
𝑔

and 𝑑1 𝑑2 =

2ℎ𝑢2
𝑐𝑜𝑠 2 𝛼1 .
𝑔

Deduce

that the particle reaches its maximum height after passing a horizontal
distance from O to A, OA =

𝑢2
𝑔

𝑠𝑖𝑛2𝛼1 . Another Q particle is projected from O

under gravity at the same u velocity in the direction of making an angle 𝛼2 (<
𝜋
2

) with the horizontal of the vertical plane across OA. If the Q particle also

reaches the maximum height when it is at the same OA horizontal distance

21.

from O, find 𝛼1 +𝛼2 .

A particle is projected at a point O, at a velocity u and 𝛼 inclination to the
√3

horizontal. Show that the maximum horizontal range is 𝑢2 2𝑔 when the
particle cannot move vertically above
22.

𝑈2
8𝑔

.

An object projected at an angle 𝛼 horizontally from point O goes slightly above

two vertical walls of height h. a is the distance to the nearest wall from O. The

4
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distance between the two walls is h. Show that 𝑡𝑎𝑛 𝛼 =
23.

that 𝑢2 =

𝑔[𝑎 2 [𝑎+ℎ]2 + ℎ2 (2𝑎+ℎ)]
2𝑎ℎ(𝑎+ℎ)

.

ℎ(2𝑎+ℎ)
.
𝑎(𝑎+ℎ)

Also show

When t = 0 a particle with an initial velocity √𝑎ℎ𝑔 is projected horizontally
𝛼 inclined from the point O. The particle passes 2 walls at a distance of 2h

from each other and a height h. Show that the distance from the projection
point to the nearest wall is h(𝑎𝑠𝑖𝑛𝛼 𝑐𝑜𝑠 𝛼 − 1 ) and that the equation
𝑠𝑒𝑐 4 𝛼 − ( 𝑎2 − 2𝑎)(𝑠𝑒𝑐 2 𝛼 + 𝑎2 ) = 0 satisfies fro α. When a = 4, find the

projection angle. Then, show that the maximum height at which the particle
arrives is
24.

3ℎ
.
2

An explosion occurs at point O on a flat surface. when t = 0, with the same v
velocity, the materials are projected in all directions above the ground. Show
that the debris falls twice within a horizontal distance from O to R and the
time difference between the two falls at a distance of

25.

𝑅
2

is

𝑉√2
.
𝑔

With a blow to a golf ball, it is projected from point O on the ground at a
velocity 𝑢 𝑚𝑠 −1 ascending angle 𝜃. Show that the range on the horizontal
plane of the ball is 𝑔−1 𝑢2 𝑠𝑖𝑛 2𝜃 and the maximum height at which it rises is
1
2

𝑔−1 𝑢2 𝑠𝑖𝑛2 𝜃 . If the ball falls on grass at level O, the distances from O to the

𝜋
6

≤ 𝜃 ≤

nearest and farthest points are

the grass.
26.

𝜋
3

√3
2

𝑔−1 𝑢2 and 𝑔−1 𝑢2 respectively. Show that

. Find the maximum height of the ball, assuming the ball falls onto

A bomb explodes vertically h m above the point O on a flat ground. Pieces of
the bomb are thrown in all directions at the same speed √2𝑔𝑘 . If d < 2

√𝑘 (𝑘 + ℎ) , show bombs hit twice from different directions at

𝑡1, 𝑡2 (𝑡2

> 𝑡1 )

different times after an explosion on a small animal on Earth at

a distance d from point O. Also show that, 𝑡2 − 𝑡1 = 2
5

1

2𝑘+ℎ− √ℎ2 + 𝑑 2 2
[
]
𝑔

.
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27.

A particle is projected at a velocity v(> √𝑔𝑑 ) with an inclination of 𝛼 to the
horizontal from point A on the ground. The particle travels unobtrusively to

the top of h pole at a distance of d from A. Show that, h = d 𝑡𝑎𝑛 𝛼 −
𝑔𝑑 2
2𝑣 2

(1 + 𝑡𝑎𝑛2 𝛼). Indicate that h is the highest for the variable value of 𝛼

when 𝑡𝑎𝑛 𝛼 =

𝑣2
𝑔𝑑

and also get the highest value for h. Show that the

maximum altitude at which the particle rises to this value of 𝑡𝑎𝑛 𝛼 in total
flight is
28.

𝑣6

2𝑔 (𝑣 4 + 𝑔2 𝑑2 )

.

A tennis player throws the ball to another tennis player over h height net. He
projects the ball at a velocity V with an angle of 𝛼 to the horizontal from point
O at a distance d from the net close to the ground level. Show that 𝑡𝑎𝑛2 𝛼 −
2𝑉 2
𝑔𝑑

𝑡𝑎𝑛 𝛼 + 1 +

2𝑉 2 ℎ
𝑔𝑑 2

< 0. Hence, if V is greater than a certain minimum

value of u, verify that α must be between the values of 𝑎1 and 𝛼2 (𝛼1 < 𝛼2 )
29.

and find 𝛼1 , 𝛼2 and u.

A worker A at the top of a h height tower, throws an object at a starting
velocity of u to a worker B who is at a d distance from the bottom of the tower.
If u is large enough, show that the object can be thrown in either of the two
directions and if 𝑢2 =

𝑔𝑑 2
,
ℎ

then the two directions are perpendicular to each

other. If those requirements are met, show that worker B can throw the object

30.

back to worker A at the same initial velocity if d > √3 ℎ .

During the Sinhala New Year bullock cart competition, a race bullock cart
travels along the sand dunes by the river and the sand grains which come into
contact with the wheel of the cart are projected at a V speed in every direction.
The radius of the wheel is r. Show that, the locus of the sand grains projected
after time T can be represented with respect to OX and OY axes taken through
the center of the wheel with the equation 4𝑥 2 + (2𝑦 + 𝑔𝑇 2 )2 − 4(𝑟 2 +
𝑣 2 𝑇 2 ) = 0.

6
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31.

A ball projected from point O moves slightly above three walls with heights b,
a, b, respectively. The locus of the ball is in a vertical plane perpendicular to
the walls. The distance between the walls is C. Show that the distance from
𝑎

the middle wall to the point where the ball hits the ground is C √𝑎−𝑏 .
32.

A particle projected inclined to the horizontal at point O goes slightly above
two vertical poles of h height. The horizontal distance between the poles is 2a.
The two poles are in the same vertical plane as the particle locus. The
maximum height the particle reaches is H. The maximum height of the locus
is H. Show that the horizontal distance from the projection point O to the

33.

nearest pole is a [ √

𝐻
𝐻−ℎ

− 1 ].

The maximum height reached by a particle projected with an inclination to
the horizontal at a velocity v from point O is h. Let R be the range on a
horizontal plane through O. Show that 16𝑔ℎ2 − 8𝑣 2 ℎ + 𝑔𝑅 2 = 0. Find the

requirement for the maximum height to be real and depict it by diagram.
Hence deduce the maximum horizontal range of the motion.
34.

An airplane flies horizontally at a constant altitude with constant velocity v.
When the aircraft travels directly above a gun, the gun fires at the aircraft at
𝛼 angle of ascent, as seen from the gun. If the initial velocity of the bullet is kv
sec 𝛼 (𝑘 > 1 ), then show that the bullet hits the plane if 𝛼 =
𝑡𝑎𝑛−1

35.

1
𝑘

𝑔ℎ

√2 (𝑘−1) .

Two particles A and B are projected with inclinations 𝛼 and 2𝛼 respectively
to the horizontal at the same V velocity at point O. A is projected after a period

of 𝑡0 after B is projected. If A and B collide at t time after projecting A, find the

projection velocity V in terms of 𝑡0 . If A and B collide when the particle A is at

7
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its maximum height, then show that 4𝑐𝑜𝑠 4 𝛼 − 𝑐𝑜𝑠 2 𝛼 − 1 = 0 equation
36.

satisfies 𝛼. Deduce that 𝐶𝑜𝑠 2 𝛼 =

1+ √17
.
8

Two bullets are projected at the same time at an angle of 𝛽 and 𝛼 from the O
corner and from the top A of the OA vertical defensive tower. Bullets hit a

helicopter a m away from the tower. Show that the height of the tower is a (

37.

tan𝛽 − 𝑡𝑎𝑛𝛼).

A ball is projected at a velocity V vertically upwards from point O in a
horizontal plane, when t = 0. At t = 0, a child projected B ball from h height at
a velocity W inclined 𝛼 horizontally from a distance a from O. If the balls A and
B collide at t = t, show that w (𝑎 𝑠𝑖𝑛𝛼 + ℎ 𝑐𝑜𝑠𝛼) = 𝑎𝑣. Also find that the value
𝑣

of 𝛼 is 30° when h = a √3 and w = . Also obtain the time taken for the
2
particles to collide.
38.

When a basketball player tries to score a basket, the ball is projected
horizontally at angle of 𝛼 at a velocity of V 𝑚𝑠 −1 . Basket is located at a

distance of 4a m and a m height from the player's hand. If the ball falls into a
basket,

show

that

the

equation

of

motion

of

the

ball

8ag 𝑡𝑎𝑛2 𝛼 − 4𝑣 2 𝑡𝑎𝑛𝛼 + 𝑣 2 + 8𝑔𝑎 = 0. When a = 1 m, , v = 10 𝑚𝑠 −1 and g

= 10 𝑚𝑠 −2 find the two directions in which the ball can be projected and

illustrate that moment with an image. Which of the two projection directions
is the most appropriate angle for the player to choose? Give reasons.

39.

A player whose height is 2m throws an iron ball horizontally 𝜃 inclined at a
velocity 𝑉 𝑚𝑠 −1 from point O. The range on a horizontal plane through O is

Rm. Show that the equation 𝜃 satisfies is 5𝑅 2 𝑡𝑎𝑛2 𝜃 − 𝑅𝑉 2 𝑡𝑎𝑛𝜃 + 5𝑅 2 −
2𝑉 2 = 0 . When 𝜃 is real, show R ≤

𝑉
10

√40 + 𝑉 2 and deduce the maximum

value of R. g = 10𝑚𝑠 −2 . When R = 20 m, find the minimum value of V.

8
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40.

A warship sails forward at V velocity. There is a gun mounted on the ship
making an ascending angle 𝛼. If the velocity of the bullet is u (>v) relative to

the gun, indicate that the range of the bullet is
the

41.

maximum

𝑐𝑜𝑠 −1 [

range is

2𝑢
𝑠𝑖𝑛𝛼
𝑔

obtained when

(𝑢𝑐𝑜𝑠𝛼 − 𝑣). Show that

the ascending

angle

is

𝑣+ √𝑣 2 + 8𝑢2
].
4𝑢

A bird flies in the sky at a u speed along a straight path inclined at an angle 𝛼

to the horizontal. When the bird is at point A in its trajectory, a shot is fired at
a velocity V inclined at an angle 𝜃 to the horizontal from point B directly h
distance below A. If the shot hits the bird, show that,

ii.

vcos𝜃 = 𝑢 𝑐𝑜𝑠𝛼

iii.

Find the relative velocity of the shot hitting the bird by considering

i.

𝜃>𝛼

the velocity of the shot relative to the bird or in some other method or

42.

by showing that v > √2𝑔ℎ cos𝛼 𝑐𝑜𝑠𝑒𝑐 (𝜃 − 𝛼 ) .

A man rises from a balloon at a velocity of u 𝑚𝑠 −1 . When it reaches a point O,

it throws a ball with 𝛼 inclined to the horizontal at a velocity V relative to the

balloon. If the range of the ball is R on the horizontal plane through O, then
show that gR = v (2u cos 𝛼 + 𝑣𝑠𝑖𝑛 2𝛼 ) . Show that if both u and v are equal
to w, then the maximum value of R is given when 𝛼 =
Given that u = v = w and 𝛼 =

𝜋
,
6

𝜋
6

is obtained.

find the distance between the balloon and

the ball at the moment when w and g bring the ball through O to the horizontal
plane.
43.

X and Y are two points on the same horizontal plane d distance apart. Two
small spheres, A and B, are thrown from X and Y, respectively. A is projected
vertically upwards with a velocity u. With the same velocity u, B is projected

9
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in the same vertical plane XY with an inclination 𝛼 [<

𝜋
2

] with XY. Show that

the velocity of B relative to A is constant and find its value. Show that the
distance between the spheres is the shortest during
the shortest distance.
44.

𝑑
𝑡𝑎𝑛
2𝑢

𝜋

𝛼

[ 4 + 2 ] . Also, find

P particle is projected from point A, 6h above the horizontal plane. The
maximum height of the particle from the horizontal plane is 8h. The particle
hits the ground at point B. Find the vertical component of the velocity of the
particle at A and B in terms of h and g. Show that the flight time for the particle
ℎ

P from A to B is 6√𝑔. Given that the horizontal distance between A and B is

8h, find the horizontal velocity component of the P particle in terms of h and
ℎ

g. Find the direction of motion of the particle after time 3√𝑔 projected from
A.
45.

A and B are two points on the same horizontal line. AB = a m. The particle P
is projected vertically upwards from A at a velocity V when t = 0. When t = 0
the Q particle is projected from B with a horizontal 𝛼 inclination so that the

46.

two particles P and Q collide at the maximum height. Find the 𝛼 angle.

Two particles A and B are projected from point O under gravity. At t = 0 the
𝑢

velocity of A is u 𝑗 and the velocity of B is 2 (√3 𝑖 + 𝑗 ). Show that,
i.

Acceleration of B in the frame of reference A is zero.

ii.

Locus of B is a straight line in the frame of reference A.

iii.

Find the time for the horizontal displacement of B in reference frame
A to be 4√3 𝑢 and thereby show that the vertical displacement at that
moment is -4u𝑗 .

iv.

Find the horizontal and vertical distances between A and B when A is
at its maximum height.
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47.

Show that the trajectory equation of an object projected horizontally α
inclined at a velocity V along the horizontal and vertical Ox and Oy axes
through O is y = x tan𝛼 −

𝑔𝑥 2
2𝑣 2

(1 + 𝑡𝑎𝑛2 𝛼).

Two particles are projected at a velocity √5𝑎𝑔 from point O in a horizontal

plane. The two particles travel along two loci through point A, which is at a
horizontal a distance from O and vertical height is a. Show that the horizontal
distance between the point where the two particles fall in the horizontal plane

48.

through O is a √14 .

A smooth sphere is projected at an angle 𝛼 to the horizontal point O at a ‘a’

distance from a vertical smooth wall at a velocity u. The ball hits the wall and
returns to point O again. The coefficient of restitution between the ball and
the wall is e. Show that 𝑒𝑢2 sin 2𝛼 = 𝑎𝑔(1 + 𝑒) . Deduce that e ≥
find the height to the point where the ball hits the wall.

49.

𝑎𝑔
𝑢2 −𝑎𝑔

. Also

Find the horizontal range at the moment of the nth collision when a smooth
sphere projected at a velocity V horizontally 𝛼 inclined from point O on the
horizontal plane. Thereby deduce the horizontal range from the moment the

sphere slides along the plane. coefficient of restitution is e.
50.

A smooth ball is projected from point O on a smooth horizontal plane. The
horizontal and vertical velocity components of the ball are u and 2u
respectively. The ball hits a smooth vertical wall perpendicularly and bounces
back and return to the point O during the second collision with the horizontal
plane. Let the coefficient of restitution between the ball and the wall is 𝑒1 and
between the ball and the ground is 𝑒2 . Show that 𝑢2 =

𝑎𝑔(1+ 𝑒1 )
4𝑒1 (1+ 𝑒2 )

.

Deduce the value of 𝑢2 when 𝑒1 = 𝑒2 = 𝑒. Hence, deduce the minimum value
that u can have.
51.

An object is projected downward at a velocity of 30 𝑚𝑠 −1 on an inclined plane
which is 300 angular to the horizontal from point O. The displacement of the
11
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object along the maximum slope line of the inclined plane on the vertical plane
through O is 120m. When g = 10𝑚𝑠 −2 , find the projection angle of the object
with the inclined plane.
52.

A smooth sphere moves under gravity from a vertical height h from a point
O on a plane which is 𝛼 angular to the horizontal an collide with it. The
coefficient of restitution is

1
3

. If the point of the third collision on the

inclined plane is B, show that OB =
53.

208
81

ℎ 𝑠𝑖𝑛𝛼.

An object is projected from point O with a velocity of 98 √3 𝑚𝑠 −1 at an angle
600 inclined to the horizontal.

54.

i.

In 5 seconds

ii.

in 15 seconds, find the velocity and direction of motion. Let g = 9.8
𝑚𝑠 −2.

An object projected at an angle of 600 to the horizontal at point O on the

horizontal plane moves in a direction of 450 to the horizontal in 5 seconds.
55.

Show that the projection velocity is 49(√3 + 1 )𝑚𝑠 −1 . Let g = 9.8 𝑚𝑠 −2.

When t = 0 at an angle of 600 to the horizontal, an object is projected from
point O moves in an inclination of 300 downward from the horizontal line for

56.

5 seconds. Show that the projection velocity is 25 √3 𝑚𝑠 −1 . g = 10 𝑚𝑠 −2.

An object is projected at an angle of 300 to the horizontal at a velocity of 100
√3 𝑚𝑠 −1 from point O when t = 0, find,

57.

i.

Maximum height.

ii.

Find the time to reach the maximum height.

iii.

Draw a velocity - time graph for the vertical motion of the projection
and verify the answers in (ⅰ) and (ⅱ) above. g = 10 𝑚𝑠 −2 .

An object projected at a velocity u 𝑚𝑠 −1 at an inclination of 450 to the
horizontal when t = 0 from point O. Find the,
i.

Flight time

12
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58.

ii.

Horizontal range

iii.

Maximum height

iv.

Draw velocity - time graph for horizontal and vertical motions thereby
verify the answers in (ⅰ), (ⅱ) and (iⅱ). g = 10 𝑚𝑠 −2 .

The particle projected from point O at a velocity of 98 𝑚𝑠 −1 inclined to the
horizontal reaches its maximum height in 5 seconds. Find the projection angle

59.

if g = 9.8 𝑚𝑠 −2. Also find the maximum height reached and the flight time.

3

An object is projected at a velocity of 100 𝑚𝑠 −1 at an inclination of 𝑡𝑎𝑛−1 ( )
4
to the horizontal. Find,

60.

i.

The maximum height

ii.

The flight time.

iii.

Find the horizontal range if g = 10 𝑚𝑠 −2

The horizontal and vertical velocity components of the projection of a sphere
are v and 2v 𝑚𝑠 −1 respectively. Find the,

61.

i.

Flight time.

ii.

Range on the horizontal plane.

iii.

If the horizontal range is 400 m, find the value of v. g = 10 𝑚𝑠 −2 .

From the top of a building 25m above the horizontal ground, a vertical line
drawn upwards by a man at O throws a stone making an angle of 450 with that
line. If the stone falls to the ground in 5 seconds, find its initial velocity. Then,
the man at O throws another stone horizontally. It also fell at the point where
the first stone fell. Find the initial velocity of the second stone. Find the
velocity at which the second stone hits the ground and its direction.

62.

At a speed of 15 𝑚𝑠 −1 a stone is thrown at an angle of 600 with the vertical

upwards from the top of the school playground. In 2 seconds, it hits the P point
on the ground. Find the height of the stadium. If a second stone thrown from
P at an angle of 600 to the upper vertical passes through point A, find the
velocity at which the second stone is projected.

13
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63.

Point A at ground level is located 25m away from the base of a tree. When an
3

angle of 𝑡𝑎𝑛−1 (4) is formed with an upward vertical, a stone is projected
from point A at a speed of 25 𝑚𝑠 −1 , it travels just over the top of the tree. Find

the height of the tree. Another stone projected from the point A moves just
over the top of the tree at the highest point above the ground in its locus. Find
the projection angle of the second stone.
64.

When t = 0, two spheres P and Q are projected horizontally at 600 and 300

angles with u𝑚𝑠 −1 𝑎𝑛𝑑 𝑣𝑚𝑠 −1 velocities, respectively. If the maximum
heights of P and Q are equal, find the value of
and Q are equal, show that u = v.

65.

𝑢
𝑣

. If the horizontal ranges of P

A stone is projected from a point P on the ground as the horizontal and
vertical components of its velocity are 5 𝑚𝑠 −1 and 20 𝑚𝑠 −1 respectively. The
stone hits the top of the building in 2 seconds. Find the height of the building.

At what initial velocity should a stone be projected horizontally from the top
of the building so as to hit the point P on the ground? What is the velocity of
the rock when it hits the point P?
66.

A tennis ball is projected from point A, 15m away from the base of a flagpole.
The height of the flagpole is 10m. It takes about 3 seconds for the ball to reach
the top of the flagpole just enough to not touch. Find the angles formed
between the trajectory of the ball and the horizontal line at the moment of
projection of the ball. How far does the ball fall from A?

67.

A ball at O point on the horizontal plane is projected to hit a target at an
inclination of 750 to the horizontal. The ball falls 10 meters before the target.
When the ball is projected horizontally at an angle of 450 with the initial

velocity, the ball falls 10 meters beyond the target. Show that the angle at
which the ball is projected to hit the target with the initial velocity is
1
2

3

𝑠𝑖𝑛 −1 (4).

14
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68.

A ball is projected from a point P on a flat surface with its horizontal and
vertical components of velocity as 20 𝑚𝑠 −1 and 15 𝑚𝑠 −1 respectively. This
ball hits the vertical wall at a right angle. Find the distance from the bottom of

the wall to the point P. Another ball is projected from point P to form an angle
of 450 with the upward vertical. If that ball also hits the wall at the same point
as the previous ball, find its projection velocity.
69.

Show that the time taken for an object projected at a velocity v when t=0 from
a point O inlined 𝛼 to the horizontal is

𝑣𝑠𝑖𝑛𝑠𝑖𝑛 𝛼
𝑔

. When t >

𝑣𝑠𝑖𝑛𝑠𝑖𝑛 𝛼
𝑔

where t =

t object is at P. At P the direction of motion is inclined 𝛽 downwards to the
horizontal. If the angle of ascent of point O from point P is 𝜃 , show that 2 tan 𝜃
70.

= tan 𝛼 - tan 𝛽.

A ball is thrown from point A on the ground to form an angle of 450 with the
vertical line drawn upwards. At the highest point of its trajectory, the ball

travels just over the top of a 10 m high telegraph pole. Find the projection
velocity of the ball and the distance between the point A and the base of the
pole. Another ball thrown from point A travels just over the top of the
telegraph pole 2 seconds after its projection. Find the projection angle of the
second ball.
71.

The horizontal and vertical components of the initial velocity of an object
projected from point O are u and v respectively. If the range on the horizontal
plane through O is R and the maximum height is H, then show that R =
𝑉2

and H = 2𝑔 . A ball is projected horizontally from point B,

5
2

2𝑢𝑣
𝑔

𝑚 vertically above

point A in a horizontal plane. The ball hits a point C on the horizontal plane at
a distance of 20m from A. Show that the projection velocity of the ball is
28𝑚𝑠 −1 . g = 9.8𝑚𝑠 −2 .
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72.
i.

An object is projected on a horizontal plane at a velocity of 490 𝑚𝑠 −1 .

Find the maximum range of the object and the projection angle that
gives that range.
ii.

Two particles P and Q are projected at the same velocity 𝛼 and
𝛽 inclined horizontally from the point O. If the horizontal range of

73.

both P and Q particles is the same, show that 𝛼 + 𝛽 = 900 .

A ball is projected from point P on a flat surface as the horizontal and vertical
components of its velocity are 25 𝑚𝑠 −1 and 49 𝑚𝑠 −1 respectively. This ball
hits a vertical wall at a right angle. Find the distance from the bottom of the
wall to point P. Another ball is projected from point P to form an angle of 450

with the vertical line drawn upwards. If the ball hits the wall at the same point
as the previous ball, find its projection velocity.

74.

A stone is projected from a point P on a flat surface with an inclination of
𝑡𝑎𝑛−1 (2) to the horizontal. After 2 seconds and 3 seconds of projection, the
stone moves just over the tops of the two trees A and B respectively. If the
distance from point A to point P is 50m, find the height of the two trees. Find
the maximum height reached by the the stone and its velocity as it passes over
the B tree.

75.

When t = 0 a particle is projected horizontally α inclined at the velocity v from
O. Show that the maximum height reached by particle is H =
that the time taken to reach the maximum height is

𝑉 2 𝑠𝑖𝑛2 𝛼
2𝑔

. Show

𝑣𝑠𝑖𝑛𝛼
. If the time taken for
𝑔

a point above k times the maximum height from O is t, find the quadratic
equation of t. Hence, if the time to points A and B from O are 𝑡1 and 𝑡2 at the
height of kH, then show that 𝑡2 − 𝑡1 =

2𝑣𝑠𝑖𝑛𝛼
𝑔

√1 − 𝑘 . If the horizontal range

of the projection is R, then show that the horizontal distance AB is R √1 − 𝑘 .
16
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76.

When t = 0, particle P is projected at an angle of 𝜃 to the horizontal from point

O with the velocity u. If the maximum height reached by the particle from O is
a, show that a =

𝑢2 𝑠𝑖𝑛2 𝜃
2𝑔

and the time taken for that is

𝑢 𝑠𝑖𝑛𝜃
.
𝑔

A and B are two

points in the horizontal plane through O in a height of b (<a). If the direction
of motion of the particle at points A and B are inclined 𝛽 to the horizontal,
show that 𝑡𝑎𝑛2 𝛽 = [

𝑎−𝑏
]
𝑎

𝑡𝑎𝑛2 𝜃 . Get the value of 𝛽 when b = a. Then, point

the position of A and B. If the time of the motion between points A and B is
equal to the time it takes for the particle to reach its maximum height from O,
then show that 3a = 4b.
77.

A cricketer hits a ball that comes

1
2

meter above the ground. 1 second after, a

player who was 15 meters away caught the ball 2 meters above the ground.
At what velocity does the ball hit the bat and is projected? If the second player
was not fast enough to catch the ball and a third player away from him caught
the ball

1
2

meters above the ground, how far was he from where the player

who hit the ball was?
78.

A golf player strikes a ball from point O as it projects with a velocity of
28 𝑚𝑠 −1 and an inclination of 𝜃 to the horizontal. The ball goes slightly

above a 17.5 m high fence. The horizontal distance from O to the fence is 60
m. Show that 3 𝑡𝑎𝑛 𝜃 = 4 . Show that the time for the ball to reach the fence
is

25
7

seconds. If t is the time to be 17.5 m above O, show that the quadratic

equation satisfying t is 7𝑡 2 − 32𝑡 + 25 = 0 . Write the sum of roots and the
product of roots and show that the time it takes for the ball to move above
17.5 m in height is
79.

18
seconds.
7

g = 10 𝑚𝑠 −2.

An object is projected horizontally 𝜃 inclined at a velocity v 𝑚𝑠 −1 from a point

O vertically h m above the horizontal ground. The object strikes a point P on
the horizontal ground at a horizontal distance R from the projection point.
Show that

𝑔𝑅 2 𝑡𝑎𝑛2 𝜃 − 2𝑣 2 𝑅 𝑡𝑎𝑛𝜃 + 𝑔𝑅 2 − 2𝑣 2 ℎ = 0 . When 𝑣 2 >
17
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𝑔 [√ℎ2 + 𝑅 2 − ℎ] , show that there are two loci from O to P. When 𝑣 2 =
80.

𝑔[√ℎ2 + 𝑅 2 − ℎ] , show that there is only one locus from O to P.

A ball thrown from the ground level by a distant fielder on a cricket field falls
at the feet of the wicket keeper who was at a distance of R m. If the horizontal
and vertical components of the initial velocity of the ball are 𝑢 𝑚𝑠 −1 and
𝑣 𝑚𝑠 −1 respectively, show that uv =

𝑅𝑔
.
2

g 𝑚𝑠 −2 is the gravitational

acceleration. If the wicketkeeper went x m towards the fielder, he would have
been able to catch the ball at a height of h m from the ground. Show that the
2ℎ

81.

time taken for the ball to move to the wicket keeper's feet is R√𝑔𝑥(𝑅−𝑥) .

If an object projected at a velocity of 50 𝑚𝑠 −1 at a horizontal slope from point
O, passes through a point P 30m horizontally away and 10m vertically above

O, show that there are two real projection angles. If the two angles are
𝛼 𝑎𝑛𝑑 𝛽, show that tan( 𝛼 + 𝛽) = -3 . Show that the time interval between
82.

the two trajectories passing through P is 2 √24 − √10 s.

A particle is projected at a velocity 𝑣 𝑚𝑠 −1 inclined 𝛼 to the horizontal from

point O. The maximum height the particle reaches is H m and the range on the
horizontal plane through O is R m. Show that H =

𝑉 2 𝑠𝑖𝑛2 𝛼
2𝑔

and R =

𝑉 2 𝑠𝑖𝑛 2 𝛼
𝑔

.

At the maximum horizontal range a, get 16𝐻 2 − 8 𝑎𝐻 + 𝑅 2 = 0 . When a =
80 m and R = 60 m, get the quadratic equation of H. If the maximum heights

of the two trajectories are 𝐻1 and 𝐻2 , show that the difference between the
83.

maximum heights is 10 √7 𝑚. Illustrate this situation with an image.

A man at M projects a ball over the point P on an AB horizontal rod, at a
velocity 𝑣 𝑚𝑠 −1 inclined 𝛼 to the horizontal so that it is in a vertical plane. Let
MN = R m and NP = H m. Show 𝑡𝑎𝑛2 𝛼 −

2𝑣 2
𝑡𝑎𝑛𝛼
𝑔𝑅

+1+

2𝑣 2 𝐻
𝑔𝑅2

< 0 . When V

and H are constant, deduce that the above operation is successful only if 𝑅 2 <
𝑣4
𝑔2

[1 −

2𝑔𝐻
].
𝑣2
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84.

A bomb explodes at point O on a flat ground. Pieces of material are projected
in all directions above the ground at the same moment at the same v velocity.
The pieces of material fall into a circle with center O and radius a. Find the
value of a. Show that to a point A at a distance less than a from O, two pieces
projected in two directions in the same vertical plane through O lands.
Show that the time interval between the two pieces falling to point B at a
distance of

85.

𝑎
2

from O is

𝑉 √2
.
𝑔

Illustrate this action with an image.

A particle was projected horizontally at an angle of 𝛼 from point O from the

initial velocity u. Show that the trajectory equation through O relative to the
horizontal and vertical axes is y = 𝑥 tan𝛼 −
the range on the horizontal plane is R =

𝑔𝑥 2
2𝑢2

(1 + 𝑡𝑎𝑛2 𝛼). Then show that

𝑢2 𝑠𝑖𝑛 2 𝛼
𝑔

. If R <

𝑢2
𝑔

, show that the

particle has two realistic projection angles 𝛼 𝑎𝑛𝑑 𝛽 ( 𝛼 < 𝛽 ) that give the R

range. If the flight times for those two trajectories are 𝑡1 𝑎𝑛𝑑 𝑡2, show that

86.

𝑡1 𝑡2 =

2𝑅
𝑔

. Show that 𝑡2 - 𝑡1

√2 𝑢
𝑔

Show the maximum height is

when 𝛼 = 150 .

𝑢2 𝑠𝑖𝑛2 𝛼
2𝑔

and the horizontal range is

𝑢2 𝑠𝑖𝑛 2 𝛼
𝑔

of

an object projected horizontally 𝛼 inclined with velocity u. Hence, show that

the maximum horizontal range of an object projected at u velocity inside a 2
4

87.

1

m high basement is 𝑔 [𝑢2 − 4𝑔]2 .

The horizontal and vertical velocity components of a particle projected from
point O are u and v respectively. Ox and Oy are the horizontal and vertical
axes. The particle moves through P (x, y). Show that 2𝑦𝑢2 − 2𝑢𝑣𝑥 + 𝑔𝑥 2 = 0

. The particle passes through the points (36a, 6a) and (48a, 4a). Show that the
𝑎𝑔

projection velocity of the particle is 13 √ 2 and the projection angle is
5

𝑡𝑎𝑛−1 (12) .
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88.

There is a fort on the edge of a hill of h height above the sea level. A shot is
fired at a speed of √2𝜆𝑔ℎ from the fort at an anchored ship. In response, the

ship fires a shot at a speed of √2𝜇𝑔ℎ (𝜇 > 1) to hit the fort. Show that for the
first and second shots, the maximum horizontal range 𝑅1 and 𝑅2 that can hit
each other is in the ratio of
89.

𝑅1
𝑅2

𝜆(𝜆+1 )

= √𝜇 (𝜇−1) .

An airplane flies directly above the position of a gun at a constant height h and
a constant velocity u. What is the minimum exit velocity at which a bullet
should be fired at the moment when the aircraft is flying directly above the
position of the gun as such the bullet hits the airplane? What is the
appropriate ascending angle for this?

90.

A bullet is fired at a velocity v from a point P on a flat surface at an inclination
of 450 . When the horizontal and vertical distances from P are x and y
respectively, prove that the locus of the bullet is shown by the equation
y=x-

𝑔𝑥 2
𝑣2

. This bullet hits the ground at Q when x = a. A second bullet fired

at an angle of 450 from P passes through a point at a distance of h vertically
91.

above Q. Prove that 𝑢2 =

𝑣4
𝑣 2 −𝑔ℎ

.

A man at the top of a mountain throws a stone at a velocity u in the direction
of making an 𝛼 angle with the upward vertical. After a T interval he throws

another stone from that point with a velocity V in the same plane where the
first stone moves in the direction of making an angle ( 𝛼 +

𝜋
2

upward vertical. If the two stones collide, show that when usin

+ 𝜃) with the

2𝑢𝑣𝑐𝑜𝑠𝜃

92.

𝛼 < 𝑣𝑐𝑜𝑠 (𝜃 + 𝛼 ), T = 𝑔[𝑣𝑐𝑜𝑠(𝜃+ 𝛼)+𝑢 𝑠𝑖𝑛 𝛼 ] .

A frog sits in the center at the bottom of a circular well with radius a and depth
h. It can jump in any direction with a maximum speed u. If

𝑢2 ≥

𝑔 [ℎ + √ℎ2 + 𝑎2 ], show that the frog can jump out of the well. If this
20
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requirement can be met, deduce that the frog can jump out of the well from
any point at the bottom of the well.
93.

When T = 0, a particle is projected at an inclination of 600 to the horizontal

with a velocity u from O. Show that the trajectory equation of the particle
relative to the horizontal and vertical axes Ox and Oy through O is
y = x√3 -

2𝑔𝑥 2
𝑢2

. The range on the horizontal plane through the particle O is a.

OP = a. A second particle projected horizontally 600 inclined with a velocity v
through a point Q which is b distance below P. Show that b =
Deduce that u > v.
94.

𝑎 √3
𝑣2

(𝑢2 − 𝑣 2 ).

A shell shot at velocity u inclined 600 to the horizontal from point O hits a

target at point A in the same horizontal plane. A second shot is fired in the
same direction with a velocity v from O. At that moment, the target begins to
move vertically at a constant velocity u. The second shot hits the target. Show

95.

that √3 𝑣 2 − 2𝑢𝑣 − √3 𝑢2 = 0 . Hence, deduce v = u √3.

A shell is fired at a velocity u inclined 𝜃 to the horizontal from point O. It hits

a target at a horizontal distance a and a vertical height b from O. Show that
𝑔𝑎2 𝑡𝑎𝑛2 𝜃 − 2𝑎𝑢2 𝑡𝑎𝑛𝜃 + 𝑔𝑎2 + 2𝑏𝑢2 = 0 . If 𝑡𝑎𝑛 𝜃 has a real value, deduce
96.

that 𝑢4 − 2𝑔𝑏𝑢2 − 𝑔2 𝑎2 ≥ 0 . Thus obtain 𝑢2 ≥ 𝑔𝑏 + 𝑔 √𝑎2 + 𝑏 2 .

Taking the initial point of a gun as O, the cooridnates of the bullet P at t time
in relation to the horizontal and vertical axes Ox and Oy is A ≡ (𝑎, 𝑏 ). The
projection velocity of the bullet is √2𝑔𝑐 . The projection angle of the bullet is

𝛼. Show that the locus of P that satisfies 𝛼 is 𝑎2 𝑡𝑎𝑛2 𝛼 − 4𝑎𝑐 𝑡𝑎𝑛𝛼 + 𝑎2 +
4𝑏𝑐 = 0. Show that if 𝑎2 > 4𝑐( 𝑐 − 𝑏 ), the bullet does not pass-through A,

then if 𝑎2 < 4𝑐( 𝑐 − 𝑏 ), the bullet passes through A in two directions

97.

𝛼1 𝑎𝑛𝑑 𝛼2 , then show that tan (𝛼1 + 𝛼2 ) =

−𝑎
.
𝑏

The horizontal and vertical components of the projection velocity of an object
projected under gravity from O relative to the axes Ox and Oy are u and v
respectively. Show that the trajectory equation is 2𝑢2 𝑦 = 2𝑢𝑣𝑥 − 𝑔𝑥 2 . Show
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that the horizontal range of the object is R =

2uv
.
g

A particle is projected from

a point O in a horizontal plane as such it just goes over a wall of

𝑎
2

height and

horizontal distance a away from O. The horizontal range of the particle is 4a.
2
3

Show that the projection angle of the particle is 𝑡𝑎𝑛−1 ( ) inclined to the
horizontal and the projection velocity is √

22

13𝑎𝑔
.
3

Circular Motion
98. A particle of mass 3kg moves along a horizontal circle of radius 3m at a speed
4ms-1. Find the acceleration towards the center and the centripetal force.
99. A particle of mass mkg moves along a circular path of radius 3m at an angular
speed of 2revs-1. Find the acceleration on the particle towards the center and the
centripetal force.
100. A particle of mass mkg is on a smooth horizontal plane. One end of a 2m light
inelastic string is attached to the particle and the other end of the string is
attached to a point O on the plane. The particle moves on the plane at an angular
velocity of 4rads-1. Find the tension of the string. When m = 3kg and the max
tension of the string is 150N, find the maximum value of the angular velocity.

101. A particle of mass mkg is kept on a rough horizontal plane. The plane rotates at
a gradually increasing angular velocity in the vertical axis around point O. The
distance from the point O to the particle is am. If the particle does not slip relative
to the plane, find the maximum angular velocity. The coefficient of friction
between the particle and the plane is µ.
102. Two particles of masses m, M kg are attached to the ends of a light inextensible
string of length 3am. The string is passed around a smooth peg at the point O. The
particle m rotates at an angular velocity of ω rads-1 horizontally. The mass M is at

the center C of the circle where OC = am. Show that 2m = M and T = 2𝑎 mω2.

103. Particles of masses m and M kg are attached to the ends of the string of length
𝑙m. The particle M is on a smooth horizontal plane. The other end of the string is
moved through a hole at the point O and the particle m hangs vertically in
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equilibrium. The particle M is rotating at an angular velocity of ω rads-1. Show
that the vertical distance from the point O to the mass m is

𝑙M𝜔2 −𝑚g
.
M𝜔2

104. A hollow circular cone of semi vertical angle α and having a smooth inner
surface is fixed upside down making the axis vertical. A particle of mass mkg
rotates around the inner surface making a radius of am. Show that the angular
velocity of the particle is √

g cot α
.
𝑎

105. A particle of mass m kg is attached to a m length two light inelastic strings and
the ends of the strings are attached in the same vertical line making α to vertical.

The particle moves in a horizontal circle at an angular velocity ω. When the two
g

strings are tight, show that ω > √𝑎 cos α. When 𝛼 = 60° , find the minimum value
2g
a

of ω. When ω = 4√ , find the tension, of the strings.

106. One end of a light inelastic string of length 𝑙 is attached to a point O of a fixed
vertical rod. The other end of the string is attached to a particle of mass m. The

particle moves in a horizontal circle at an angular velocity of ω. Find the vertical
distance from point O to the particle. If the maximum tension that can act on the
5

g

string is 25mg, show that the maximum frequency of the particle is 2𝜋 √ 𝑙 revs-1.
Instead of fixing to the rod, the string is attached to a ring which can move along
the rod vertically. If the angular velocity of the particle is Ω, show that the angle
3g

made by the string with the rod is cos-1 (𝑙Ω2 ).

107. A particle of mass 2kg is attached to a light inextensible string of length 3/2m.
The other end of the string is attached to a point O. The particle moves in a circle
below the point O. Find the maximum angular speed of the particle in revs-1. Find
the semi vertical angle at that time.
108. A particle of mass mkg is attached to a light extensible string of natural length
a. The other end of the string is attached to a point O. The length of the stretched
string is 𝑙m. The particle moves in a horizontal circle at an angular velocity of ω.
23

Circular Motion
The modulus of elasticity is 4mg. Find ω and the angle of the string with the
vertical.

109. A light inextensible string of length am is
attached to a point O. A particle A of 2mkg is
attached to the other end of the string. Another
string of length am is attached to the particle A
and the other end of that string is attached to a
particle of mass 3m kg. The system with the two
strings rotates around the vertical line through
2g

O at an angular velocity of √ 𝑎 . Show that 5tan
α = 2 (5 sin α + 3 sin 𝛽) and tan 𝛽 = 2 (sin α +
sin 𝛽). If tan 𝛽 =

12
,
5

18

prove that sin α = 65.

110. A motor vehicle moves in a horizontal circle of radius rm at a velocity of Vms-1
and the vehicle is about to slip. In the same conditions the motor vehicle moves
in a circle of radius Rm at a velocity of 3Vms-1. At that time also vehicle is about
to slip. Show that R = 2r.
111. A train compartment moves in a circular railway track of radius am at a velocity
of V ms-1. The gap between railway track is 2m. The height to the center of gravity
of the train is 1m. Find the vertical reaction on the railway track and find the force
on the outside track.
112. A motor vehicle moves in a horizontal circular road of radius 30m. The road is
5

inclined tan-1 (12) to the horizontal. The coefficient of friction between the road
and the wheels is

1
.
12

Find the maximum and the minimum velocity that the

vehicle can move without any slip.
113. A train compartment moves in a circular railway track inclined α to the
horizontal. The thrust on the inside track when when the train moves at a lower

velocity u and the thrust of the outside track when the train moves at a higher
velocity V are both the same. Show that there is no side thrust on the track when
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the speed is
1

[u2 + V2 ]2
2

.

1

[u2 + V2 ]2
2

. Show that the inclination of the track with the horizontal is

114. The radius of a circular road inclined α to the horizontal is am. The coefficient
of friction between the road and the vehicle is μ. When the vehicle moves at a
velocity higher than u ms-1, the vehicle slips. Show that μ =
1

45 and μ = √2𝑎g, deduce that μ = 3.

u2 −𝑎g tanθ
.
𝑎g+u2 tanθ

When θ =

115. A motorcycle moves in a circular road of radius rm. When the speed of the cycle
is V ms-1, the inclination of the vehicle with the vertical is α. When the speed is
1

5V
4

𝑟𝑔√7 2
, the inclination of the cycle with either vertical is 2α. Show that V = [ 5 ] . When

the radius of the road is 20m and g =

10ms-2,

1
2

show that V = [40 √7] ms−1.

116. A motorcycle moves in a horizontal circular road of radius rm and inclined α to

the horizontal at a velocity of Vms-1. The coefficient of friction at contact is μ. Find
the maximum value of V. When tan α =
the value of Vmax.

117.

4
3

1
3

, μ = , r = 30 m and g = 10 ms-2, deduce

I. A small satellite of mass m rotates in a horizontal circular orbit of radius a
around a planetary object of mass 10m and radius r. If the period of
oscillation of the satellite is T, show that T = 2𝜋 g is the force on the plane
of a unit mass of the planetary object.
II. Three satellites A, B, C of mass m rotate around a circular orbit of radius a.
The satellites ABC makes an equilateral triangle. Show that the period of
oscillation of the satellites is T [1 +

1

1 2
].
10√2

118. A circular plate of radius a rotate around the center O at an angular velocity of
ω in a horizontal plane. The plane surface inside a circle of radius b (a>b) is

rough. The coefficient of friction of the rough part is µ. Two particles P1, P2 of mass
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m1, m2 are connected by an inelastic sting and kept in line with the radius of the
plate. The particles are kept at rest relative to the plate. The two particles are
placed r1, r2 distances respectively from the point O. When r1 < b < r2 < a, the
maximum tension that the string can bear is To . The two particles are at rest and

the both the strings is not slack. Show that (m1 r1 + m2 r2) ω2 ≤ μm1 g and m2 r2
ω2 ≤ To . When ω is increased slowly, find how the relative stillness breaks.

119. A particle of mass m kg which is placed on a smooth horizontal plane is attached
to an inelastic string of length am. The other end of the string is attached to a
point O which is hm (a > h) vertically above the point C where C is a point on the
horizontal plane. The particle rotates around the point C at an angular velocity of
ω. Find the tension of the string. When the reaction on the particle from the plane

is R, show that R = m(g – hω2). Show that ω ≤ √g/h for the particle to move, and
deduce the maximum value of ω.

120. A particle of mass m kg rotates inside a hollow circular cone which is fixed
upside down and the axis of the cone is vertical. The particle rotates in a
horizontal circle on the smooth surface of the cone at a constant angular velocity.
The radius of the circle of center O is rm and the height to the center of the
horizontal circle is hm. Show that the angular velocity of the particle is
find the reaction between particle and the plane of the cone.

√gh
r

and

121. A circular cone of vertex O is fixed upside down keeping the axis vertical. The
inner surface of the cone is smooth. Two particles of mass m, M kg are attached
to the ends of a light inelastic string. The mass m hangs vertically in equilibrium.
The particle M rotates inside the surface of the cone with a radius r at a velocity
m

of v ms-1. Show that M =

4v2 −3rg
.
5rg

When v=√rg, show that 5m = M.

122. Two ends of a light inelastic string of 7am is fixed to two points in the same
vertical line which are 5am apart. A ring C of mass mkg is passed through the
string and the ring rotates in a horizontal circle with an angular velocity of ω
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rads-1making AĈB = 90°. If CÂB = θ, show that tan θ < 1 and deduce that AC >
CB. Show that the radius of the horizontal circle is

12a
m.
5
1

Find the tension of the

35g

string and show that the angular velocity of ring is 2 √ 3𝑎 rads-1. Since the ring C
rotates in a horizontal circle, the vertical acceleration is zero.

123. A particle of mass m kg which is attached to an inelastic string is kept on a
smooth horizontal plane. The other end of the string is sent through a hole in the
plane and attached to a particle of mass M kg. When the particle m rotates at a
velocity of V ms-1 in a horizontal circle of radius rm, the particle M hangs vertically
in equilibrium. Find the value of V. An impulse I is applied along the plane on the
mass m and the particle immediately stop. Show that I = √mMVg. Show that the
2Mrg

velocity of the particle m when it reaches near the hole is √m+M.

124. A particle is released from rest at a point 30° from the highest point of a smooth
sphere of radius 𝑎√3. The particle moves in a vertical plane through the centre of
the sphere. Find the time taken by the particle to reach the horizontal line
through the centre of the sphere.
125. A particle of mass m is attached to an inelastic string of length 𝑙. The other end
of the string is attached to the point O and the particle hangs in equilibrium. A
horizontal impulse of J is applied on the particle.
I.

If the particle moves in a full circle, find the minimum value of J.

II.

If J = m√3𝑙g, find the tension of the string when it is horizontal. Find the
height of the particle from the point O when the string first shrinks.

126. The plane surface of a solid hemisphere of radius 5m is fixed to a horizontal
plane. A particle of mass m kg is placed on the highest point A of the hemisphere.
The particle loses its contact with the surface of the hemisphere at the point B
and moves in a projectile. The particle hits a vertical wall which is at a horizontal
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distance

6√5 𝑚
3

from the point O. Find the height from the ground to the point

which the particle hits.
127. A particle P of mass m is attached to an inelastic string and the other end of the
string is fixed to a point O. The particle moves in a vertical circle of radius O. T1 is
the tension of the string when the particle P is at the lowest point. When the string
makes an angle θ with the downward vertical, show that the tension T is T = T13mg (1-cos θ). When OP is horizontal, T = T2 and if the particle moves a full circle
T

1

T

1

without any shrink, show that T2 ≥ 2. If T2 = 4, find the value of θ when the string
shrinks.

1

1

128. A particle P is placed at the lowest point A on the smooth internal surface of a
hollow sphere of centre O and internal radius a. The particle is projected
horizontally giving an initial speed of √n𝑎g. Here n > 0. When the particle is in
contact with the sphere and OP turns an angle θ, find the reaction on the particle
from the plane. When 2 < n < 5, show that the speed at which the particle
(𝑛−2)𝑎𝑔

leaves the surface is √
that,

3

. If P leaves at a height

𝑎
2

from the point O, show

7

i) n = 2 .

ii) The particle P moves in a path which goes through A under gravity.
129. A particle of mass mkg is attached to a light inelastic string of length a. The
other end of the string is attached to the center of the lid of a box. The mass of the
box is 3m kg. The box is at rest on a rough horizontal plane. The string is kept
tight near the lid and released from rest. Assuming the box will not move, find the
frictional force and the reaction force on the box. Show that the the condition 𝜇 ≥
√2
satisfies in order to
4

keep the box at rest.
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130. A particle P of mass m kg can move freely inside a smooth uniform tube of
center O and radius am. The tube is clamped at the lowest point A and the tube is
vertical. The particle is released from rest at the highest point B of the tube. When
BÔP = 𝜃, show that the moment G of the couple which is applied by the clamp at
A is G = mg𝑎 sin θ (2 − 3cosθ).

131. A weight A of mass M is attached to a light inelastic string of length a. The
weight is on a rough horizontal plane. The other end of the string is attached to a
particle B of mass m. The particle m is projected vertically upwards with a
velocity u(3 ≤

u2
𝑎g

≤ 6). Assuming the weight M is still, find the tension of the

string when the string AB makes an angle θ with the horizontal. Show that the

perpendicular reaction on the weight from the horizontal plane is Mg [1 −
u2
m
sin θ (𝑎g −
M

3 sin θ)]. Hence show that the weight A is in contact with the
M

1

u2

horizontal plane through out the semi circle when m > 12 (𝑎g) 2 .

132. Two rings A, B of mass 6m, 4m kg are attached to a light inelastic string of length
a. The two rings are free to move along a smooth vertical circular wire of center
O. AB makes an angle 60° with the horizontal line through the center of the circle.

When t =0, the two rings A, B are released from rest by keeping them in the same
horizontal line above the point O. When the string makes an angle θ with the
horizontal,

𝑔
(sin 𝜃
3𝑎

I.

Show that θ̇2 =

II.

Show that the tension of the string is

III.

Find the reaction on the ring B.

− 3√3 cos 𝜃 + 3√3).
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133. The figure shows a vertical cross section of a fixed solid

A

quadrant of radius a. A light inelastic string passes through
a pulley A which is at the top of the quadrant. The ends of

P
Q

the string are connected to particles P, Q of masses m and M
(M > m) respectively. The motion starts when OP(OB) is
horizontal. Show that (M + m)𝑎θ̇2 = 2g(Mθ − m sin θ).

B

θ

O

Here θ is the angle between OP and OB at time t. Hence find the reaction on the
particle P from the curved surface. Show that,
I.

II.

2M

The value of cos α = M+3m becomes maximum when θ = α ,when M < 3m.
2Mβ

The β value which satisfies the equation θ = 0 or sin β = M+3m vanishes
when θ = β and

3m
M

< π − 1.

134. A smooth hollow cylinder is fixed keeping the axis horizontal. A particle of mass
mkg is released at a point on the horizontal diameter inside the cylinder. The
particle moves in a vertical circle. The particle combines with a mass of 2mkg at
the lowest point. Find the angle that the combined particle rotates with the
downward vertical.
135. A particle of mass mkg is attached to a light inextensible string of length 3am.
The particle hangs in equilibrium. The particle is projected horizontally by giving
a velocity of ums-1. When the string is horizontal, the string hits a small peg at A
which is 2a distance from point O. If the circle just completes a full circle, find the
minimum speed u of the particle.
136. A sphere of radius am and center O is fixed on a horizontal plane. A particle of
mass mkg is in equilibrium at the highest point of the sphere. A particle B of mass
2mkg hits particle A with a horizontal velocity of 3

√𝑎g
ms−1
2

and both combine.

Find the vertical height from the point O when the combined object leaves the
sphere. Show that the horizontal distance to the point at which the particle hits
the horizontal plane from the initial point is 2am.
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137. A particle of mass mkg is attached to a light inextensible string of length 𝑙. The
other end of the string is attached to a point O and the particle

O

O

hangs in equilibrium. A particle B of mass 2mkg hits the
particle A with a horizontal velocity of u and the two particles

𝑙

combine. When the combined particle comes to rest, the string
3

makes an angle 60° with the vertical. Show that u = 2 √g𝑙. If θ =
60° , show that the tension of the string is

3mg
.
2

u

A B

2m m

V

3m

138. The two ends of a light inelastic string of length 2a are attached to the points A,
B which are in the same horizontal line. A particle P of mass mkg is attached to
the middle of the string and the particle hangs in equilibrium. In the middle of the
̂A = α. When the string PA is cut immediately, the tension
string PÂB = PB
becomes

1th
4

1
).
2√10

the original tension. Show that 𝛼 = sin−1 (

139. A ring R of mass M is kept on a smooth wire fixed in a horizontal line. A light
inelastic string of length 𝑙 is attached to R and the other end of the string is
attached to a particle P of mass m. The particle P is released near the wire making
RP = 𝑙.

I. If R is fixed to the wire and RP is vertical, find the tension of the string.
II. If the ring R is free to move along the wire, show that the tension of the string
is

m
M

(2m + 3M)g. Deduce the result in (II) from the result of (I).

140. I. Write 120radmin-1 in rads-1.
4

II. Write 𝜋 revs-1 in rads-1.

141. A particle rotates one revolution in 20 seconds around a vertical axis of center
O. Write the angular velocity,
I.

In revmin-1.
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II.

In revs -1.

III. In rads-1.
142. I.
II.

Write 𝜔 revs-1 in radmin-1.

Write 100revmin-1 in rads-1.

143. A particle rotates in a circular path of radius 50cm. Find the speed of the
particle in ms-1. The angular speed is,
(i)

10 rads-1.

(ii)

20 revmin-1.

144. A particle moves in a circular road of radius 5m at a speed of 25 ms-1. Find the
angular velocity in (i) rads-1. (ii) revmin-1.
145. In a merry-go-round two horses are at a distance 4m and 5m from the center.
Rathna and Ranuka are sitting on the horses. The meery-go-round rotates in an
angular velocity of 5 revs-1. Find the speeds of Rathna and Ranuka.
146. Nalku made a model of the Lipton roundabout for the science exhibition. He
made the roundabout to rotate at a constant angular velocity. The dogs Tik and
Tuk move in circular paths at a distance of 4m and 6m respectively from the
center O. The speed of Tik is 4ms-1.
I.

Find the angular speed of the roundabout in rads-1.

II.

Find the time taken by the rounabout to rotate 5 revolutions.

III. Find the speed of Tuk in mmin-1.
147. I.

A particle of mass 2kg moves in a circular path of radius 1m at a speed of
4ms-1. Find the centripetal force.

II.

A particle of mass 5kg moves in a circle of radius 2m at an angular speed
of 2 revs-1. Find the centripetal force.
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148.

I.

A particle of mass 2kg is attached to a light inelastic string of length 2m.
The other end of the string is fixed to a point O. The particle rotates in a
horizontal plane through O at a speed of 4ms-1. Find the tension of the
string.

II.

A particle of mass 3kg is attached to a light inelastic string of length 1m.
The other end of the string is fixed to a point O. The particle rotates at
an angular velocity of 2 revs-1. Find the tension of the string.

149. A particle of mass m kg is attached to a light inelastic string of length am. The
other end of the string is fixed to a point O. If the particle moves in a horizontal
plane around O at an angular speed of 2 revs-1, find the tension T of the string. If
a = 3m and m = 2kg, deduce the value of T.
150. A ring of mass 4 kg is free to move along a smooth horizontal circular wire of
radius 2m. If the angular velocity of the ring is 3 revs -1, find the reaction on the
ring from the wire.
151. A particle of mass 2kg is attached to a light inelastic string of length 4m. The
other end of the string is attached to a point O. The particle moves in a horizontal
plane through O. If the angular velocity is gradually increased, the maximum
tension of the string is 160 N. Find the maximum angular velocity in revs-1.
152. There is a smooth vertical boundary around a smooth fixed circular plate of
radius am. A particle of mass mkg moves at a speed of Vms-1 touching the edge of
the plate. Find the reaction on the particle from the boundary. If m = 2kg, V =
4ms-1 and 𝑎 = 2m, deduce the value of R.

153. A horizontal rough plate of center O rotates at a gradually increasing angular
speed of 𝜔 revs-1 around the vertical axis. Find the maximum value of 𝜔 for a

particle which is kept rm from O to avoid any slip. The coefficient of friction
1

5

between the plane and the particle is μ. If μ = , g = 10ms −2 and r = m,
3
9
deduce that ωmax =

√6
revs-1.
2π

33

Circular Motion
154. A particle of mass mkg is on a rough horizontal

C

C

plane. The particle is attached to a light inelastic
string and the other end of the string is fixed to a
point C which is right above the point O. The

m

particle rotates in a horizontal circular path of

O

rm
r
O
center O and radius rm at an angular velocity of 𝜔 rads-1. The string makes an

angle 𝛼 with the vertical at limiting equilibrium. The gravitational acceleration is

gms-2 and the coefficient of friction is 𝜇. Show that the tension of the string T is
mrω2 −μmg
.
sin α − μ cos α

13
3

mg.

1

5

If ω2 = μg, r = 2m, μ = 3 and α = 𝑠𝑖𝑛−1 (13), deduce that T =

155. A circular cone is fixed keeping its vertex downward. The inner surface of the
cone is smooth. A particle of mass mkg rotates in a horizontal circle on the inner
surface of the cone with a radius r and at an angular speed of 𝜔 rads-1. Show that
g tan α
.
r

ω=√

is 5√2 revs-1.

1

When α = 45° , r = 5 m and g = 10ms-2, deduce that the value of ω

156. A particle of mass mkg rotates in a horizontal circle on the inner surface of a
circular cone of semi vertical angle 𝛼 which is fixed upside down. The inner

surface of the cone is rough. The particle rotates at speed of Vms -1 in a circle of
radius rm. If the particle is at the limiting situation to move downward, show that
V 2 = rg

(1−μ tan α)
tan α−μ

.

157. A particle P of mass mkg rotates in a horizontal circle at an angular velocity of
𝜔 revs-1 on the inner surface of a fixed smooth bowl of radius a and center O and
having a horizontal edge. Show that the angle made by OP with the downward
g

vertical is cos −1 (4𝑎π2 ω2 ). If ω =

√g
π

1

and 𝑎 = 2 m, show that 𝛼 = 60°. Show that

the radius of the circle that the particle rotates is

𝑎 √3𝑎
.
2

158. A particle of mass mkg is attached to a light inelastic string of length 2m. The
other end of the string is attached to a point O and the particle hangs in
34
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equilibrium. The particle rotates around the point C which is √3 m distance

vertically below the point O at an angular velocity of 𝜔 revs-1. Show that 𝜔 =
1
2𝜋

𝑔

√√3 and the tension of the string is

2√3
3

mg N.

159. A light inelastic string is passed into a fixed smooth ring and the two ends of
the string is attached to masses m1, m2. The mass m1 rotates in a horizontal circle
of radius a at an angular velocity of 𝜔 rads-1. The mass m2 is in equilibrium on the
m g

center of the circle. Show that ω = √m2 a.
1

160. A one end of a light inelastic string of length 𝑙 is attached to a point O of a fixed
thin vertical rod. The other end of the string is attached to a particle of mass m.

The particle rotates in a horizontal circle with a constant angular velocity of 𝜔.
Find the depth of the particle from the point O. If the maximum tension that the

string can bear is 25mg, show that the maximum revolutions per second that the
5

g

particle can rotate is 2π √ 𝑙 . Instead of fixing the string to the point O, the string is
connected to a ring and allowed the ring to move freely along the rod. If the
particle rotates in an angular velocity Ω, show that the angle made by the string
3g

with the rod is cos-1(𝑙Ω2 ).

161. A light inelastic string of length 𝑙 is passed into a fixed small smooth ring R. The
two ends P and Q of the string are attached to the particles of masses m and

λm(λ>1) respectively. The particle P moves in a horizontal circle at a constant

angular velocity of 𝜔 around the center C, where C is a point which is right below
the point R. The particle Q is at rest at the point C. Show that,
ω2 =

g(1+λ)
𝑙

(ii) A force of magnitude mg√2λ(1 + λ) acts on the top of the string.
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162. Two particles of masses mkg and Mkg are
attached to the two ends of a light inelastic string.

45 45

A hollow rigid circular cone is fixed making its axis
M

vertical. The particle of mass M is put into a hole in
45

the vertex of the cone. The other particle moves
along the smooth surface of the cone in a

B

A

horizontal circle with a velocity of Vms-1. The

mg

particle of mass Mkg hangs vertically in
equilibrium at the center of the horizontal circle. Show that √2m > M, V =
√(√2(M−m)𝑎g. If M = 3m, deduce that V = √2𝑎g.
m

√2

163. A motor vehicle of mass Mkg moves in a circular road of radius a and angle of
inclination 𝛼 to the horizontal at a velocity of V ms-1. If the vehicle is just about to
slip, show that the speed of the vehicle is √

𝑎g(μ + tan α)
.
1− μ tan α

If 𝛼 = 30° and μ =

1
,
√3

deduce that V = √3𝑎g. Find the frictional force and the perpendicular reaction

at that moment. 𝜇 is the coefficient of friction.

164. A motor vehicle of mass Mkg moves in a circular road of radius a and angle of
inclination 𝛼 to the horizontal. When the speed of the vehicle is Vms-1, the vehicle

tends to move downward. Show that Vmin = √

𝑎g(sin α− μ cos α)
.
μ sin α+cos α
3

10ms-2 and 𝛼 = 45° . If Vmin = 5ms-1, show that μ = 5.

Let 𝑎 = 10m, g =

165. Two particles A, B of masses 2Mkg, Mkg are attached to a light inelastic string
of length 2m. The string is passed into a fixed smooth ring R. Particle A hangs
vertically and the particle B moves in a horizontal circle. The radius of the circle
3

is AR. Show that AR = 4 m and 𝛼 = 60° .

166. P and Q are two points on the same vertical line where PQ = 2a. The midpoint
of PQ is O. One end of the two light elastic strings PR and RQ are attached to a
particle R. The other ends are attached to P, Q. The particle R of mass mkg rotate
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in a horizontal circle of center O with a velocity of Vms-1. Here PR = RQ =

5𝑎
m.
3

The modulus of elasticity of the string PR is 4mg N. Show that the modulus of
elasticity of the string RQ is

2√11𝑎g
3mg
N. Show that the speed of the particle R is
.
2
3

167. There is hole at the point O of a smooth horizontal table. Two equal particles A,
B are attached to the ends of a light inelastic string of length 2a. The particle A
moves in a horizontal circle of center O on the surface of the table at an angular
velocity of 𝜔. The particle B also moves in a horizontal circle at an angular
velocity of 𝜔. Show that OP = a. Find the value of 𝜔 and deduce that 𝜔2 > g/𝑎.

168. Define the kinetic energy and the potential energy of a particle with the units.
A particle A of mass m rotates in a horizontal circle on the smooth inner surface
of a fixed bowl of center O, radius r and having a horizontal edge. The depth from
𝑟

the point O to the center of the horizontal circle is 2. Show that the speed of the
particle is √

3gr
.
2

A particle B of mass 2m move in a horizontal circle where the
𝑟

depth from the point O to the center of that circle is 3. Find the kinetic energy
difference and the potential energy difference between the the two particles A
and B.
169. Point A is h distance above the point O where the point O is on a smooth
horizontal plane. One end of a light inelastic string of length 𝑙 is attached to A and
the other end of the string is connected to mass m. The mass m is kept on the

horizontal plane. The string is just tight. The m particle is projected
perpendicular to the string in order to move it in a horizontal circle of center O at
an angular velocity of 𝜔.
g
h

I. If ω > √ , show that the particle removes from the plane at the initial point.
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II.

g
h

If ω < √ , show that the particle moves on the horizontal plane and then
show that the tension of the string is m𝑙ω2 .

170. The position vector of P relative to the point O at time t is r = 𝑎 cos ωt 𝑖 +
a sin ωt j. 𝑎 and ω are positive constants.
I.

II.

Find the velocity V and acceleration f at time t. Find | V | and | f |.

A is h distance vertically above B. A light inelastic string is attached to A

andB. A particle is attached to the point C of the string, where C is the
midpoint of AB. The particle rotates in a horizontal circle of center O with
an angular velocity Ω. If hΩ2 = 10g, show that the ratio of the tension of
the strings BC and AC is 2 : 3.

4

171. A circular road inclined at an angle tan−1 5 to the horizontal. A girl rides a
bicycle in a horizontal circle of radius 25m. Assuming that the road is smooth, the

girl and the bicycle as particles, show that the speed of the girl is 2√5 ms−1. If the
8

road is rough and the speed of the girl is 10√5 ms −1, show that 𝜇 = 13.
172. A bead P of mass mkg is free to move along a light

A

inelastic string of length am. One end of the string is
attached to a point O on a smooth table. The other end
of the string is attached to a point A which is λ𝑎m (λ

m

< 1) distance vertically above the point O. If the
particle P moves along the table in a horizontal circle

O

P

of radius r and radius O at an angular velocity of 𝜔 rads-1. Find the value of r in
terms of 𝑎λ.
I.

1

Show that the tension of the string is 4 m𝑎ω2 (1 − λ4 ).
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II.

Find the reaction between the bead and the table. Show that the periodic
2aλ(1−λ2 )
.
g

time of the motion should exceed π√

173. A particle of mass 4kg is released from rest from the highest point of a fixed
sphere of radius 2m. Show that the height from the center to the point where the
4
3

particle leaves the sphere is 𝑚. Show that the speed at which the particle leaves
10

the sphere is 2√ 3 ms−1. Here g = 10ms-2.

174. A smooth sphere of radius am is fixed at the point A on a horizontal plane. A
particle of mass mkg is released from rest at the highest point of the sphere and
it moves in a vertical plane through center O. Find the angular displacement and
velocity of the particle when it leaves the sphere. If 𝑎 = 3m and g = 10ms-2, show
that the time taken by the particle to hit the horizontal plane from the point
where it leaves the sphere is

√10−1
3

seconds. Show that the horizontal distance
2

from A to the point where the particle hits the plane is (9 + 10√2 − 2√5)m.
9

175. A particle is projected horizontally at the highest point A of the smooth sphere
1

at a velocity of ums-1 If u ≥ (ag)2 , show that the time taken by the particle to move
a

through the lowest point B to the point P on the horizontal plane is 2√g. Take u
a

as 2√g ms −1 . Show that BP =

4𝑎
.
g

176. A particle is projected horizontally at the highest point O of a smooth sphere of
radius 5m with a velocity of 4√2ms −1. The particle moves in a vertical circle.

Show that the vertical height from the point where the particle leaves the sphere
to the horizontal line through O is

22
m.
5

177. A particle P of mass m is free to move along a smooth uniform circular tube of
radius a and center O. The tube is clamped at the bottom point A to keep it in a
vertical plane. The particle is released from rest at the highest point B of the tube.
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If θ = BÔP, show that the moment G of the couple that act on the clamp at A is G
= mag sinθ (2 – 3 cosθ).

178. A smooth circular cylinder is fixed making its axis horizontal. A particle is
placed on the point A of the smooth outer surface of the cylinder. The particle is
projected at a velocity u in a direction which is perpendicular to the axis of the
cylinder to move it away from the highest point. The point A is at a height h from
the axis of the cylinder. If u2 > gh, show that the particle leaves the surface
immediately after the projection. If u2 < gh, show that the particle leaves the
surface at a depth of

1
(gh
3g

− u2 ) from the point A. Show that the velocity at which
1

the particle leaves the surface is √3 (2gh + u2 ).

179. A particle A of mass 2m kg is placed on the highest point of a fixed smooth
sphere of radius a. A particle B of mass mkg move at a horizontal velocity of
ums-1 and hits the particle A and combine. If u < 3√𝑎g, show that the combined
particle moves in a vertical circle by contacting with the surface of the sphere.
1

Show that the speed at which the particle leaves the surface is 3 √

u2 +18𝑎g
ms −1. If
3

u = √6𝑎g, deduce that the angular displacement of the particle when it leaves the
8
9

surface is cos −1 ( ).

180. A particle P is kept on a point A of the surface of a fixed smooth sphere of center
O and radius a by applying a force. The point A is at a point where OA makes an
acute angle α with the upward vertical. If the particle P makes an angle θ with the
upward vertical and the particle is still on the surface of the sphere, show that the

velocity of the particle at that moment is √2𝑎g(cosα − cosθ) and also find the
reaction on the particle. Hence show that the particle leaves the surface when the
2 cos α
) with
3

OP line makes an angle cos−1 (

the upward vertical.

181. Two small rings of mass m and 2m are free to move along a smooth circular
wire of radius a fixed in a vertical plane. When the string is tight, the two rings
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make an angle 2𝛼 with the center. The two rings are released from rest by

keeping them in a horizontal line above the center of the circle. If the string makes
2g

an angle 𝜃 with the horizontal, show that θ2 = 3𝑎 [cosα − 3cosθ cosα +
𝜋

sinθ sinα]. If 0 < 𝜃 < 2 , show that the tension of the string is

4mg tan α cos θ
.
3

182. A particle of mass m is projected horizontally at the lowest point A inside a
smooth hollow cylinder of radius a with a velocity of u. If 0 < u < √2𝑎g, show
2𝑎g−u2
).
2𝑎g

that the particle A, oscillates at an angle 2cos−1 (

If u = √𝑎g, deduce that

the particle oscillates 120° around A. Show that the reaction at the highest point

of the motion is

mg
.
2

183. A particle of mass 2m is placed at rest inside the lowest point A of a fixed
smooth hollow sphere of radius a. A particle of mass m hits the particle of mass
2m with a horizontal velocity of u and they combine. Show that the speed of the
u
3

combined particle is . Find the velocity V and reaction R when the combined
particle does an angular displacement θ. Hence show that the particle moves in a

semicircle around A when u = 3√2𝑎g. Show that the reaction on the particle
from the plane at the point A is 9mg.

184. A particle of mass mkg is horizontally projected at the lowest point inside a
hollow smooth sphere of radius a with a velocity of ums-1. Write the equations to
find velocity V and reaction R at an angular displacement θ. Show that the particle
leaves the surface at an angular displacement 𝛼, if 2𝑎g < u2 < 5𝑎g. Find the value
of 𝛼 in terms of u. If u = 2√𝑎g, show that cos α =
leaves the surface.

−2
.
3

Deduce the speed that it

185. A particle P of mass m is projected horizontally at the lowest point A inside a
fixed hollow smooth sphere of center O and radius a with a velocity of u. The
particle P moves in a vertical plane through the center. Here 2𝑎g < u2 < 5𝑎g. The
particle leaves the surface at the point B, when OP makes an angle 𝛼 with the
upward vertical. Considering the positions of the points A and B, apply
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conservation of energy equations and show that V2 = u2 - 2𝑎g (1+cos 𝛼). Find the

angle 𝛼 which the particle leaves the surface and find the velocity V1 at that
moment. Show that the particle moves through A, when u = √

7𝑎g
.
2

186. A particle of mass mkg is attached to a light inelastic string of length am. The
other end of the string is connected to a point O and the particle hangs. The
particle is projected at a horizontal velocity u at the lowest point A. The particle
moves in a vertical circle in the vertical plane. Write equations to find the velocity
V and the tension of the string T at an angular displacement θ. If u = √
describe the motion of the particle.

3𝑎g
ms −1 ,
2

187. A particle A of mass 3mkg is attached to a light inelastic string of length am. The
other end of the string is fixed to a point O and the particle A hangs. A particle of
mass mkg hits the particle A with a velocity of ums-1 and the particles combine.
Find the velocity V and the tension of the string T, when the particle makes an
angular displacement of θ. If u = 4√𝑎gms−1 , find V and T. Describe the motion
of the particle and show that T = 2mg at the highest point that the particle
reaches. Find the height from O to that point.
188. A bead of mass m is free to move along a vertical circular wire of radius a. One
end of a light inelastic string is attached to the bead and the other end of the string
is passed through a smooth ring fixed at the center and connected to a particle of
mass M which hangs at rest. The bead is projected with a horizontal velocity √k𝑎g
at the lowest point of the circular wire. Find the minimum value of k for the bead
to reach the maximum point of the circle. Taking k = 6, show that the reaction
between the bead and the wire vanishes when the particles of masses M, m are
between 7m.
189. A particle of mass m is attached to a light inelastic string of length 2a and
breaking stress 10mg. The other end of the string is attached to a point A and the
particle hangs vertically. The particle is projected horizontally with a velocity of
4√𝑎g. Show that the string does not break in the motion after the projection.
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When the string comes to a horizontal position, the string hits a peg P which is
distance a away from the point A. Show that the string breaks soon after it starts
rotating around P.
190. End A of a light inelastic string AB of length 5a is fixed to a point. A particle is
attached to the point B. A particle B is released from rest keeping the string tight
in the horizontal position. When the string comes to a vertical position, it contacts
with a small peg C which is 3a distance vertically below A. Show that the tension
of the string doubles and the particle moves a complete circle around C.
191. A particle of mass m is attached to a light inelastic string of length 𝑙 and the
other end of the string is fixed to a point and the particle hangs at rest. The
particle is projected with a horizontal velocity u. When the string makes an angle
θ with the downward vertical, find expressions for the speed V and the tension T.
Show that,

I. If u2 < 2g𝑙, a value θ = α1 exist such that V = 0 and T is positive, for values of
θ between 0 and 𝛼1 .

II. If 2g𝑙 < u2 < 5g𝑙, a value θ = α2 exist such that T = 0 and V does not vanish,
for values of θ between 0 and 𝛼2 .

III. If u2 < 5g𝑙, show that the T becomes positive, and V does not vanish for any
θ value. Describe the motion of the particle for each of the above occasions.

192. A particle of mass mkg is attached to a light inelastic string of length 3am. The
other end of the string is fixed to a point O and the particle hangs. The particle is
projected horizontally with a velocity ums-1 to move in a vertical circle. When the
string comes to the horizontal position, string contacts with a peg B which is 2am
away from the point O. The particle just moves in a full circle around B. Show that
𝑢 = 3√𝑎g.

193. A particle of mass mkg is projected downward at an end point of the inner
diameter of a fixed hollow smooth sphere of center O and radius a with a velocity
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of 3√2𝑎g ms −1 . The particle moves in a circle and combines with a particle of
mass 2mkg at the bottom of the sphere. Describe the motion of the combined

particle. Find the speed that the particle leaves the circle. When the particle again
comes to an end point of the diameter through O, show that the reaction on the
particle at that moment is

2mg
N.
3

194. A particle P of mass mkg is placed at a point A on the surface of a fixed smooth
sphere of radius a. The particle is released from rest. OA makes an angle 𝛼 with
the upward vertical. The particle P moves in a vertical circle. If OP makes an angle
θ with the upward vertical, reaction on the particle is R. Show that R =
mg
(15 cos θ
5

2𝑎g
ms−1 .
5

2√

− 8). Show that the speed at which the particle leaves the surface is

195. A particle P of mass mkg is attached to a light inelastic string of length 𝑙m. The
other end of the string is fixed to a point O and the particle hangs at rest. The
1

particle is projected at a horizontal velocity of (𝑙g)2 ms−1. If the particle P moves

in a full circle around the center O, show that k ≥ 5. When the particle is at
horizontal position through O, find the tension of the string.

196. A particle P of mass mkg is attached to a light inelastic string of length am. The
other end of the string is fixed to a point O and the particle hangs at rest. The
particle is projected with a horizontal velocity √k𝑎g. When the string is
horizontal the particle P hits another particle Q of mass 2mkg and combine. If the
combined particle moves a full circle, find the minimum value of k.
197. A particle P of mass m moves in a vertical circle on the inner surface of a fixed
smooth hollow sphere of center O and radius a. The plane of the circle passes
through the point O. The particle is projected with a horizontal velocity u from
the lowest point of the sphere. When OP makes an angle θ with the upward
vertical, find the velocity of the particle V and the reaction on the particle from
the sphere R. Show that V 2 = u2 − 2𝑎g (1 + cos θ) and R =
44

m
{u2
𝑎

− 𝑎g(2 +
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3 cos θ)}. If u2 = (2 + √3)𝑎g, show that the particle leaves the sphere at
cos θ =

1
√3

and its trajectory goes through O.

198. Write the equations for linear and centripetal accelerations, when a particle
moves in a circular motion. A particle is projected horizontally at the highest
point of a fixed smooth sphere of radius a with a velocity of u(< √𝑎g). Describe
the motion of the particle. The particle hits the horizontal surface through the

lowest point of the sphere. If u = 0, the distance from the lowest point of the
sphere to the point where the particle hits the horizontal surface is
5𝑎 (4√2 + √5) / 27.

199. A smooth circular wire of radius a is fixed in a vertical plane. Two rings of
masses m1 and m2 which are smoothly hinged at the two ends of a light rod, can
move freely along the circular wire. Show that the stress in the rod is
2m1 m2
m1 +m2

g tan α cos θ. Here the angle subtended at the center from the rod is 2𝛼 and

the angle of inclination of the rod with the horizontal is θ. Write an expression for
reaction between the ring and the wire in terms of 𝛼 and θ̇.

200. A fixed smooth wire of center C and radius am is shown in the figure. Here AĈO
= 120° . ACO is in the vertical plane. AC is vertical and the lowest point of the arc

is A. A bead of mass m is free to move along the wire. The bead is projected at the
point A with a velocity of √6𝑎g ms −1 . Show that the

bead is moving with a velocity of √3𝑎g at the point

O. Show that the path of the particle relative to O𝑥,
Oy given in the figure through O is 𝑦 = 𝑥√3 −

2𝑥 2
.
3𝑎

Find the maximum height from A to the bead. Show
that the horizontal distance from O to the point
where the particle hits the horizontal plane through
A is

3𝑎
(√3
4

+ √7).
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201. The radius of the internal surface of a fixed smooth hollow sphere of center O
is a. A particle of mass m moves in a vertical plane through O contacting with the
inner surface of the sphere. The speed at the lowest point of the sphere is u. The
particle leaves the surface at a point P above the horizontal line through O. OP
makes an angle 𝛼 with the horizontal. Show that u2 = 𝑎g (2 + 3 sin α). If the
1

particle passes through O, show that sin2 α = 3.

202. The radius of a smooth thin circular tube is 2a. The tube

Am

is fixed in a vertical plane. Two particles each of mass m are
attached to the two ends of a light inelastic string of length
𝜋𝑎 and released from rest as shown in the figure. At time t,

B

O

when OA makes an angle θ with the upward vertical, the

string is tight. Show that 4𝑎θ2 = g (sin θ + cos θ). Then
show that the tension of the string is
𝜋
4

θ = , when the string slacks.

mg
(cos θ −
2

sin θ) and

203. A particle is attached to a light inelastic string. The other end of the string is
fixed to a point O and the particle hangs. The particle moves in a vertical circle
through O. When the string makes an angle θ with the downward vertical, the
speed of the particle is V and the tension of the string is T. The speed of the

particle and the tension of the string at the lowest point are V1, T1. The speed and
the tension at the highest point are V2, T2. Show that V 2 = V12 cos 2
T = T1 cos2

θ
θ
+ T2 sin2 .
2
2
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204. The components of the initial velocity of a particle, projected under gravity from
a point O are u, v in the directions of horizontal and upward vertical axes Ox, Oy
respectively. Show that when it has moved a horizontal distance x it attains a
𝑣

𝑔

vertical height 𝑦 = (𝑢) 𝑥 − (2𝑢2 ) 𝑥 2 .

The particle just clears a vertical wall of height

𝑎
2

at a horizontal distance a from

O and has a range 4a on the horizontal plane through O. Determine u, v and show
2

that the direction of projection makes an angle tan-1 (3) with the horizontal.
2001 A/L

205. A particle is projected under gravity, with initial velocity u, making an angle 𝛼

with the horizontal. After a time T, it is at a distance s from the point of projection,
moving at right angles to the direction of projection.
Show that,
T=

i.

S=

ii.

u
g sin α

1
2

.

gT 2 .

2002 A/L
𝜋

206. A particle P is projected under gravity with initial speed U at an angle. 𝛼1 (< 2 )
with the horizontal from a point O on the ground. If P is at a height h (≤

U2
sin2 α1 )
2g

above the ground when it is at horizontal distances d1 and d2 from O, show that

d1 + d2 =

U2
sin 2α1 and d1 d2
g

=

2hU2
cos2 α1
g

.

Deduce that the particle attains a maximum height after traversing a horizontal
𝑈2

distance 𝑂𝐴 = 2𝑔 sin 2𝛼1 , From O. Another particle Q is projected under gravity
from O, with the same speed U in the vertical plane through OA at an angle
𝜋

𝛼2 (< 2 ) with the horizontal. If Q also clears a maximum height when it is at the
same horizontal distance OA from O, find 𝛼1 + 𝛼2 .
47
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207. A particle is projected from a point O on the ground, with speed u at an angle 𝛼

to the horizontal, under gravity. At the same instant, a vertical screen with
perpendicular distance d from O and at right angles to the vertical plane of
motion of the particle, is made to move away from the particle, in a horizontal
direction with uniform speed v.
If the particle strikes the screen at a height h above the ground, show that
𝑢 cos 𝛼 > 𝑣 and gd2 − 2u sin α (u cos α − v) d + 2h (u cos α − v)2 = 0
Deduce that the particle cannot strike the screen if d >

2u
sin 𝛼
g

(u cos 𝛼 – v).

2004 A/L

208. A and B are two points on the ground. A particle P of mass m is projected from
𝜋

the point A with velocity u (>0) inclined at an angle 𝛼 (0 < 𝛼 < 2 ) with AB, in
the vertical plane through the horizontal line AB. Simultaneously, a second

particle Q of mass λm is projected from the point B with velocity v (>0) inclined
𝜋
2

at an angle 𝛽 (0 < 𝛽 < ) with BA, in the same vertical plane. If the two

particles collide in midair, show that u sin 𝛼 = v sin 𝛽, and that their vertical
components of velocities remain equal until they collide.

If the particle P moves horizontally just before collision, deduce that the
particle Q also moves horizontally at the same instant.
If further, the distance between the points A and B is
coalesce after the collision,

u2 sin 2α
,
g

and the particles

Show that.

ii.

u cos 𝛼 = v cos 𝛽

iii.

(1+𝜆) 𝑢 cos 𝛼, and

i.

the composite particle begins to move horizontally with velocity
1−𝜆

The composite particle will fall to the ground at a distance

A.
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(1+λ)g
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Show also that if the mass of the particle Q is negligible compared to that of P,
the composite particle falls to the ground at B, and on the other hand if the mass
of the particle P is negligible compared to that of Q, the composite particle falls
to the ground at A.
At what point does the composite particle fall to the ground, if the masses of the
particles P and Q are equal? Justify your answer.
2005 A/L
𝜋

209. A smooth particle P is projected with velocity u at an angle 𝛼, (0 < 𝛼 < 2 ) to the
horizontal, under gravity.

The particle P, at the instance it moves horizontally, strikes another smooth
particle Q of equal mass at rest hanging from one end of an inextensible string of
length 𝑙, the other end of the string being attached to a point O on a horizontal

rail. The rail is perpendicular to the vertical plane in which the path of the

particles P and Q lies. Show that, the horizontal distance between the two
particles P and Q initially is

𝑢2 sin 2α
.
2g

If the coefficient of the restitution between the two particles is 𝑒, show that, the
particles P and Q begin to move horizontally with velocities
(1+𝑒) 𝑢 cos 𝛼
2

respectively just after the collision.

(1−𝑒) 𝑢 cos 𝛼
2

and

When OQ makes an angle 𝜃 with the downward vertical, write down the
component of the equation of motion of the particle Q along OQ, and the

equation of conservation of mechanical energy for the particle Q. Deduce that
the particle Q completes circular motion if 𝑢 cos 𝛼 ≥

2√5g𝑙
1+𝑒

.

Show that, the horizontal distance travelled by the particle P is

(3−𝑒) 𝑢2 sin 2𝛼
4g

Deduce that if 𝑒 = 3, the particle p comes back to the point of projection.
2010 A/L

49

.

Projectiles Past Papers
210. A particle is projected under gravity in a vertical plane with a velocity u at an
angle 𝜃 to the horizontal, at a point C which is at a height k from a point O.
Consider a rectangular cartesian system of coordinates by taking horizontal and
vertical lines through the point O in the plane of projection as Ox and Oy axes
respectively. If at time 𝑡 the particle is at the point (x, y), show that y = k + 𝑥
tan𝜃 −

g𝑥 2 𝑠𝑒𝑐 2 𝜃
.
2𝑢2

A particle P is projected under the gravity in the vertical plane at the point A (0,

h), where h is positive, with a velocity v at an angle 𝛼 to the horizontal. At the
same instant another particle Q is Projected under the gravity in the vertical
ℎ

plane at the point 𝐵 (0, 2 ) with a velocity 𝑤 at an angle 𝛽(> 𝛼) to the horizontal.

If the two particles P and Q meet at a point whose horizontal distance is d, show
that 𝑣 cos 𝛼 = 𝑤 cos 𝛽 and ℎ = 2𝑑 (tan 𝛽 − tan 𝛼).
show also, that the time taken for the two particles to meet is

ℎ
.
2(𝑤𝑠𝑖𝑛 𝛽−𝑣𝑠𝑖𝑛 𝛼)

2012 A/L

𝜋

211. A particle is projected under gravity from a point O with a speed 𝑢 at an angle 3

to the horizontal. Let h be the vertical distance of the particle above the level of O
when it has travelled a distance 𝑘 horizontally. Show that √3𝑘 = ℎ +

2013 A/L

2g𝑘 2
𝑢2

.

212. A particle is projected under gravity with speed 𝑢 in a direction making on angle
𝜋
4

with the horizontal, from a point 𝑂 on a horizontal ground towards a vertical

wall of height 𝑎 which is at a horizontal distance 2𝑎 from 𝑂. Show that if 𝑢 > 2√𝑔𝑎,
then the particle will go over the wall.

2014 A/L
213. Two particles P and Q are placed at a point O on a fixed smooth plane inclined at
𝜋
2

an angle 𝛼 (0 < 𝛼 < ) to the horizontal. The particle P is 2 given a velocity u

upwards along the line of greatest slope through O, and at the same instant the
50
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particle Q is released from rest. Assuming that the two particles do not leave
the inclined plane, sketch the velocity-time graphs for the motions of P and Q
on the same diagram.
Using these graphs, show that, at the instant the particle P returns to the point
2𝑢2

O, the particle Q is at a distance g sin 𝛼 from O.

2014 A/L

214. A particle P, projected horizontally with velocity 𝑢
3

given by 𝑢 √g𝑎 from a point A at the edge of a
2
step of a fixed stairway perpendicular to that

edge, moves under gravity. Each step is of
height 𝑎 and length 2𝑎 (see the figure). Show
that the particle P will not hit the first step

below A, and it will hit the second step below A
at a horizontal distance 3𝑎 from A

2016 A/L
215. The base of a vertical tower of height 𝑎 is at the
centre C of a circular pond of radius 2𝑎, on
horizontal ground. A small stone is
projected from the top of the tower with
𝜋

speed 𝑢 at an angle 4 above the horizontal.

(See the figure.) The stone moves freely
under gravity and hits the horizontal
plane through C at a distance R from C. Show that R is given by the equation gR2
– 𝑢2 R - 𝑢2 𝑎 = 0.

Find R in terms of 𝑢, 𝑎 and g, and deduce that if 𝑢2 >
fall into the pond.

4
3

g𝑎, then the stone will not
2017 A/L
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216. A particle is projected from a point on the horizontal ground, at an angle
𝜋

𝛼 (0 < 𝛼 < 2 ) to the horizontal, with initial speed 𝑢 = √2g𝑅, where R is the
horizontal range of the projectile on the ground. Show that the angle between
𝜋

the two possible initial directions of projection is 3 .

2018 A/L

217. A particle is projected from a point O on a horizontal floor with a
velocity whose horizontal and vertical components are √g𝑎 and √6g𝑎 ,

respectively. The particle just clears two vertical walls of heights a and b
which are at a horizontal distance a apart, as
shown in the figure. Show that the vertical

√6g𝑎

component of the velocity of the particle when

O

it passes the wall of height a is 2√g𝑎. Show
further that 𝑏 =

5𝑎
2

√g𝑎

b
a
a

.

2019 A/L
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218. A particle P, free to move on the smooth inner surface of a fixed hollow
sphere of centre O and internal radius a is placed at the lowest point A of
this surface. It is then projected horizontally with initial speed √nga,
where n > 0
While the particle is still in contact with the surface, find the reaction on
the particle from the surface, when the angle turned by OP is .
Show that, if 2 < n < 5 the particle P will leave the surface with speed
(n−2)ga

√

3

If P leaves the surface when it is at a height
that,

a
2

above the level of O, show

7

i) n = 2

ii) The path of P in the subsequent free motion under gravity passes
through A.
2000 A/L
219. The Figure depicts a narrow smooth tube bent in the form of a circle of
centre O and radius a, fixed in a vertical plane.
Inside the tube are two particles P, Q of masses m, 3m respectively
connected by a light inextensible taut string of length a. Initially, the
system is released from rest, when the particles are at the
opposite ends of the horizontal diameter of the tube
and the string occupies the upper half of the tube.
If OP has turned through an angle , a time t
after release, using the principle of
conservation of energy show that,
π

a ̇ 2 = g sin  (0 ≤ θ ≤ 2 )

Find the force exerted by the tube on the particle P, at this instant.
2001 A/L
220. A particle P is released from rest at a point A on the smooth outer surface
of a fixed sphere of centre O and radius a, OA making an acute angle 
with the upward vertical. At time t, with P still on this surface, OP makes
an angle  with the upward vertical. Show that,
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2g
̇ 2 = (cos  - cos );

i)

a

The particle will leave the surface when cos  =

ii)

2
3

cos 
2002 A/L

221. A small smooth particle P of mass m is free to move under gravity in a
thin smooth circular tube of radius r and centre O, fixed in a vertical plane.
The particle is projected horizontally from the lowest point of the tube
with speed √3 gr.

Explain why the law of conservation of energy can be applied for the
motion of the particle.
If v is the speed of the particle when OP makes an angle  with the
downward vertical, show that v2 = gr (1 + 2 cos )
Hence show that the reaction of the tube on the particle changes its
1

direction when  = cos-1 (− 3) and find the speed of the particle at that

point.

2004 A/L
222. A particle P of mass m is attached to a fixed-point O by a light
inextensible string. The particle, held with the string taut and making an
π

angle α (< 2 ) with the downward vertical, is given a velocity u,

perpendicular to the string, in the vertical plane through OP. Assuming
that the particle is in circular motion, write down the equation of
conservation of energy for the particle, by considering the general
position where OP makes an angle θ with the downward vertical.
Show that the particle describes a circular arc until OP makes an angle
1

cos-1 [3 (2 cos α −

u2
)] with
ga

the downward vertical and then begins to

move freely under gravity, provided that ga (3 +2 cos α) > u2 > 2ga cos α.
2005 A/L
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223.
a) The figure given below depicts a smooth narrow tube
ABC bent into the form of a circular arc of centre O, radius
a and angle 2 (π - α), where α is an acute angle. The tube
is fixed in a vertical plane with the two open ends A, C
uppermost and at the same horizontal level. A particle,
placed at the lowest point B of the tube, is projected with a
horizontal velocity u. The particle moves through the tube to
the end A, then moves freely under gravity as a projectile, and
enters the tube again at the other end C. Find the velocity of the particle as
it leaves the tube at A, and
show that u2 = ga [2(1+ cos α) + sec α].

a

Show further that the greatest height reached by the particle is 2 (cos α
+sec α) above O.

b) A particle P is released from rest at a point A on the smooth outer surface
of a fixed sphere, of centre O and radius a, where OA makes an acute angle
α with the upward vertical. Show that, when OP makes an angle θ with the
upward vertical, with P still on the surface of the sphere ȧ 2 = 2g (cos α cos θ). Find the value of θ at the point where the particle P leaves the
surface.
2006 A/L
224. A smooth sphere with centre O and radius a, is fixed on to the horizontal
surface of a table. A smooth particle P is placed on the outer surface of the
sphere at a point A where OA makes an acute angle α with the upward
vertical. The particle is released from rest ,
i)

Show that, when OP makes an angle θ with the upward vertical and
the particle is still in contact with the surface of the sphere, ȧ 2 = 2g
(cos α - cos θ)

ii)

Find the magnitude of the reaction between the sphere and the
particle.

iii)

Show that the particle leaves the sphere at a height a (1 +

above the surface of the table.
iv)

2
3

cos α)

Let d be the distance of the point where the particle hits the table,
3

from the vertical diameter of the sphere. Given that cos α = 4 ,find d.
2007 A/L
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225. A bowl is made up from a fixed smooth spherical shell with centre O and
radius a by removing the upper part cut off by the horizontal plane at a
a
distance 4 above O. A particle P with mass m is projected horizontally from
the lowest point inside the bowl with speed u.

i)

Find the speed of the particle and the magnitude of the reaction
between the bowl and the particle when OP makes an angle θ with the
upward vertical.

ii)

Show that the particle will leave the edge of the bowl, provided that u2

iii)

>

11 ga
4

Also show that, in the subsequent free motion under gravity after the
particle leaves the bowl, will not fall back into the bowl. Provided that
u2 >

13 ga
2

2008 A/L

226. A particle of mass m is attached to one end of a light inelastic string of
length l. The other end of the string is attached to a fixed-point O, and the
particle is in equilibrium under gravity. The particle is then projected
horizontally with speed u.
i)

ii)
iii)

Show that the tension in the string when it makes an angle θ with the

downward vertical through O is m (3g cos θ − 2g +

u2
)
l

Find the least possible value of u so that the particle can subsequently
reach the horizontal level of O.
When the string first becomes horizontal, it comes into contact with a
thin horizontal bar which is fixed perpendicular to the plane of
motion of the string, at a distance
7
𝑔𝑙
2

𝑙
2

from O. Show that if 2g𝑙 < u2 <

the string becomes slack before the particle reaches the highest
𝑙

point, at a height 2 above the level of the bar.
227. A thin smooth tube ACB in the shape of a circular
arc of radius a that subtends an angle

5𝜋
6

at its centre

O is fixed in a vertical plane with OA horizontal and
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the lowest point C of the tube touching a fixed horizontal floor as shown in
the figure. A smooth particle P of mass m is projected vertically
downwards into the tube at the end A with speed √2ga .
Show that the speed of the particle P, when OP makes an angle θ
π

(0 ≤ θ ≤ 2 ) with OA is √2ga (1 + sinθ) and the magnitude of the

reaction on the particle P from the tube is mg (2 + 3 sin θ). The particle P,
when it reaches the point C, strikes another smooth particle Q of mass m
which is at rest inside the tube at C. The coefficient of restitution between
1
2

the particles P and Q is .
Find the speed of the particle P just before the collision and show that the
1

3

speeds of the particles P and Q just after the collision are 2 √ga and 2 √ga

respectively. Show further that the particle P never leaves the tube, and
that the particle Q reaches the point B with speed

1
√5ga
2

. Find the

maximum height from the floor reached by the particle Q after it leaves
the tube.
2011 A/L
228. A Particle P of mass m is attached to one end of a light inextensible string
of length l and the other end of the string is attached to a fixed-point O.
When the particle P is hung freely in a vertical Plane it is given a
velocity√2𝑔𝑙 in the vertical plane perpendicular to OP. Using the
Principle of Conservation of Energy, find the velocity of the particle P
π
when OP makes an angle with the downward vertical. Show that the
3

3
2

tension of the string at this instant is mg.

2012 A/L

229. A particle P of mass m is placed at the highest point of the smooth outer
surface of a fixed sphere of radius a and centre O. Another particle Q of
mass 2m moving horizontally with velocity u collides directly with P. The
1

coefficient of restitution between P and Q is 2. Find the velocity of P just
after the collision.

Assuming that the particle P is still in contact with the sphere when the
radius OP has turned through an angle θ, show that the magnitude of the
m
reaction on the particle P from the sphere is a [ga (3 cos θ − 2) − u2 ] Also
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show that if u = √ga , then the Particle leaves the surface of the sphere
just after collision with Q.
2013 A/L
230. A narrow smooth circular tube of radius a and centre O is
fixed in a vertical plane. One end of a light
inextensible string of length greater than

3πa
2

is

attached to a particle P of mass m which is held
inside the tube with OP horizontal. The string
passes through the tube and through a small
smooth hole at the lowest point of the tube as shown
in the figure and carries a particle Q of mass 2m at the
other end.
The particle P is released from rest from the above position
with the string taut. By applying the Principle of Conservation of
Energy, show that the speed v of the particle P when OP has turned
through an angle θ (0 < θ <

3π
)
2

is given by v2 =

the reaction on the particle P from the tube.

2ga
3

(2θ - sin θ) and find
2014 A/L

231. A straight narrow smooth tube OA, of length l, with both ends open, is
fixed with the upper end O at a height h (> l) above the horizontal ground,
π
making an angle with the downward vertical. A particle gently placed
3

inside the tube at O slides down along the tube. Next the particle leaves
the tube at the end A and strikes the ground at a point B at a horizontal
distance √3𝑙 from O. Show that (i) the speed of the particle at A is √g𝑙
and (ii) h = 3 𝑙⁄2 .
2015 A/L

232. A narrow smooth tube ABCD is bent into the form indicated in the figure
below. The portion AB of the tube is straight. The portion BCD is of
semicircular shape with radius a, centre O and the diameter BD
perpendicular to AB. The tube is fixed in a vertical plane with AB
horizontal and uppermost. Inside the tube there is a particle P of mass m
and a particle Q of mass 3m connected by a light inextensible string of
length 𝑙 (>

πa
)
2
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Initially, the string is taut, lying along AB, with the particle Q at the point B.
The particle Q is slightly displaced from this position, and in time t, radius
OQ turns through an acute angle θ.
A

dθ 2

Applying the principle of conservation of energy, show that ( dt ) =
3g
2a

(1‐ cos θ) Hence, or otherwise, show that the acceleration of the

particle P is

3g
sin
4

θ. Find the reaction from the tube on the particle Q and

the tension in the string, at time t.

2015 A/L
233. A particle of mass m hangs in equilibrium at one end of a light
inextensible string of length l whose other end is tied to a fixed-point O.
Another particle of mass 2m collides horizontally with velocity u with
the first particle and coalesces with it.
Find the velocity with which the composite particle begins to
move. Show that if u = √g𝑙 , then the composite particle

reaches a maximum height of

2𝑙
9

above its initial level.

2016 A/L

234. OAB in the figure is a circular sector of radius a subtending
π
an angle 6 at the centre O with OA vertical. It is a crosssection perpendicular to the axis of a smooth cylindrical
sector fixed with its axis horizontal. One end of a light
inextensible string passing over a small smooth pulley fixed
at B is attached to a particle P of mass 3m and the other end
is attached to a particle Q of mass m.

Initially, the particle P is held at A and the particle Q hangs
freely at the horizontal level of O. The system is released from rest in this
position, with the string taut. When OP makes an angle
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θ (0 < θ <

π
) with
6

the upward vertical, show that 2ȧ 2 = 3g (1 - cos θ) +
3

gθ and that the tension in the string is 4 mg (1 - sin θ), and find the normal

reaction on the particle P.

2016 A/L
235. Two particles A and B, each of mass m are attached to
the two ends of a light inextensible string of length l (>
2πa). A particle C of mass 2m is attached to the midpoint of the string. The string is placed over a fixed
smooth sphere of centre O and radius a with the particle
C at the highest point of the sphere, and the particles A
and B hanging freely in a vertical plane through O, as
shown in the figure.
The particle C is given a small displacement on the sphere in the same
vertical plane, so that the particle A moves downwards in a straight-line
path. As long as the particle C is in contact with the sphere, show that ̇ 2 =
g
(1 - cosθ), where θ is the angle through which OC had turned. Show
a
π

further that the particle C leaves the sphere when θ = 3 .

2017 A/L

236. One end of a light inextensible string of length a is attached to a fixedpoint O and the other end to a particle P of mass m. The particle hangs at
rest vertically below O, and it is given a horizontal velocity of magnitude u
= √kag , where 2 < k < 5. Show that, when the string has turned through
an angle θ and still taut, the speed v of the particle is given by v2= (k - 2)
ag + 2ag cos θ. Find the tension in the string, in this position. Deduce that
the string becomes slack when θ = 𝛼, where cos α =

60

2−k
.
3

2018 A/L

